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Beenenue

Maremarnueckuil annapat augpdepeHIHalbHBIX YPaBHEHUH CMEIIaHHOTO THMA SBJIsI-
eTcsl 3((heKTUBHBIM UHCTPYMEHTOM B pellleHHWH MPUKJAAAHBIX 3afad (pu3uku. B HacTosiee
BpeMsl MaTeMaTHyeckas Teopusi OYpHO pa3BUBAaeTCSl UYeMy CBHUAETEJbCTBYeT MHOXKECTBO
paboT MoCBsLIeHHbIX 3TOH npodJeMaTtrke. He uckioueHneM fIB/ISeTCS M Halla CTaTbs

MNocTaHoBKa 3apauu

PaccMoTpuM ypaBHeHMe CMeLIaHHOTO THIIa

signy|y|" ury + ttyy — A*|y|"u =0, m = const >0, (1)
B HEOTPaHUYEHHOH CMeIlaHHOH 00JaCTH:
Q=Q"UABUQ ™,

rme Q7 ={(x,y):0<x<1,0<y<1}, AB={(x,y):0<x<1,y=0}, a Q - obsacrs,
orpaHddeHHasi moaynpsmMoid ¢ = {(x,y) : 0 <x < e,y =0} u xapakrepuctukoit I : §{ =0
ypaBHEHHsI , rie & =x—1[2/(m+2)](—y)"*2/2 Tpennonoxum, uto A =A; B QF u
A=A BQ, u A,A — 3a1aHHble NeHCTBUTE/NbHBIE YHCJA.

[Tyctb k=const >1,a=2/(1+k),0<a<1a6y(x) u 6 (x)- ecTb TOUKH NepecevyeHHUsI

xapaxrepuctuky I ypasrenus (1) ¢ munuamu x+[25/ (m+2)] (—y)"2)/2 = x,(0 < x9 < 1)
npu j=1 U j=k COOTBETCTBEHHO, C KOOPAHHATAMH

x m+2 */mt2) x m4+2 2/(m+2)
90<x)_<§,_{ : .x] () = k+1’_[2(k+1)‘xl .

BBenem caenyroiye 0603HaueHHUS:

B=m/(2m+4),

o1 ={(x,y):x=0,0<y< 1},
o ={(x,y):y=10<x< 1},
o3 ={(xy):x=1,0<y<1},
oy ={(x,y): 1 <x<oo,
y=0},=TNO0<n<1),[h:&=1,
I=Q N(n=1),Iy=In(n>1),

2
_ L o \(m+2)/2

| — XapaKTePHUCTHYECKHH TPEYrOJbHUK, OrDaHUYEHHBIH OTPE3KOM AB W XapaKTepHCTH-
kamu I't v I , Q5 — HeorpaHuuyeHHbIH XapaKTepUCTHYECKHUH YeThIPEXYTrOJbHHUK Orpa-
HHUYeHHbIH xapakrepucTukamu [2,I3 u Ty, a £ -HeorpaHHYeHHbBIH XapaKTepUCTHYECKHUH
TPEyroJbHUK OrpaHMYEHHBIH MOMYIPSIMOH Oy U XapakrepucTrkoi I'y ypaBrenust (I)).

Bapgaua T,°. Haidimu ¢ynkyuro u(x,y), obaradarouyro credyrouumu c80LCMeamu:

20
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1) u(x,y) € C(Q)NCH(Q\ (I UT3))NC* (QTUQ UQ; UQS), a uy(x,0) mosxcem o6-
paujamocs 8 beckoHeuHocmb nopsadka merviie yem 1 —2B npu x — 1;
2) u(x,y) asasemcs peeyrsproim peuteruen ypasuerus (1) e obracmax QF,Q7,Q5

’ Qg)- u(x,y) yoosiremsopsem credyrouyum ycao8UIM
u(0,y) = @1(y), u(l,y)=@2(y), 0<y<1, (2)
ulx,1)=g@3(x), 0<x<1, (3)
u(x,0) = @4 (x), 1 <x< oo, (4)
ulp, = yi (x), 1/2<x< 4o, (5)
At {Dg;ﬁu[e(,(x)]} +o(x)Ab% {D(l);ﬁu[ek(x)]} —5(x), 0<x<1, 6)

ede w(x), 8(x), @3 (x), Qs (x),@s(x), ¢;(y) (i =1,2) — 3adannsie pynkyuu, npuvem @;(y) €
C[0,1]; o(x), 6(x),@3(x) € C[0,1]; @4 (x) € C[1,+00); Wy (x) - HenpepvisHaA U OcpaAHU-
ueHHas QyHKUus Ha npomexcymre [1/2,+c0).

a5 300aHHbIX PYHKYUL BbINOAHSIOMCS YCAOBUSL COSAACOBARUSL:

04 (1) = ¢2(0),01 (1) = 93 (0), 2 (1) = @3 (1),

1
WD) = s 0= 1 [loV2(T=0)] A1 ().
0

30ecv 1,(x| =T (p+1)(x/2) PI,[x], a I,[x] - modupuyuposannas ¢ynxyus Becceas
nepsozo pooa nopsadka p [1f;
A=Y (~a' ) @) (av),

0

J
81 (x) =T (B)xP§ (x),
@, (x) = 0(x) 0(ax)...0(a x), @o(x)=1.

Yeaosue (6) cessvisaem snauenus uckomoll pyHkyuu 8 08Yx MOUKAX, AEHCAUUX HA

xapakmepucmuxe I'1. B cury obpamumocmu onepamopos Ai;c)L [2] u D% [3] us sadauu
T;° 6 wacmrom cayuae npu @ (x) =0 caedyem 3adaua Tpuxkomu 0ars ypasHeHus 8
obracmu L.

[esbio HacTosied pabOThl SIBJASETCS N0KA3aTeNbCTBO CYILECTBOBAHHMS W €IHHCTBEH-
HOCTH pelueHus 3anauu 7,°.

[Tyctb u(x,y) — peluenue 3anaun 7,°. BBenem o6o3HaueHus:

u(x,0) =1(x), 0<x<1uy(x,0)=v(x),0<x<1.
Teopema 1. [Iycmo

7(0) = 0,7(x) e 09 [0,1],00 > 128 (7)
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r[na)}(|co(x)\ = My < a1 My = const >0 (8)
0,1

moeda 3adaua T, He moxcem umems 6osee 00HO2O peuleHus..

HoxkasateanctBo. MssectHo [4], uto pemenue sagaun 7,° B obnactv ) yA0BJIETBO-
psiroriiee yesosuaM T (x) € C[0,1]NC%(0,1),v (x) € C?(0,1) npenctaBumMo B BUje

u(x,y):yl/r[x+6(2t_1)] It [2200 AT —0) | di+

S a=n)P
1
vix+o@—1)] -
+Yzy/ (1—1)° Ip [2’126 t(l_t)]dl’ ®)

0

rie 6 = [2/(m+2)] (—y) "2 5 =T(2B)/T%(B), 12 = (2 —2B)/T%(1 - B). Moabayscs
U MIPOBOAS aHAJIOTHUHbIEe NpeoOpa3oBaHus Kak B padote [2], umeem

x B X
A (D Pue)} = o {rem - ZE L ao)
41-2B,—B

A(l)}axz {D(l);ﬁu(e()k(x))} - W {F(2ﬁ) C(l)fxz[f(x)] - %} )

rae 3= L(B) (2—4B)*! /2T (1 - B)T(2B)].

IMoncrasasist (I0) B (6) momyunm ¢pyHKUHOHANBbHOE ypaBHEHHE BHIA

&(x)+a'"Pox)®(ax) =8 (x), 0 <x < 1, (11)
e 1A Y3
@ (x) =T'(2)Cy; 2 [t(x)] — WV(X% (12)
®(ax) = T(2B)Cy2 [1()] - %v(m

[IpumenuB meton utepauni [0l k pemenunio dyHkuuonanbHoro ypasHenus (10), nnst n-o#
UTepalnud UMeeM;

n—1
D(x) = (—a' )@, (x)@(a"x) + ¥ (—a' P ) ®;(x) 8 (a'x), (13)
Jj=0

®dyukunio ®(x) 6ynem uckatb B kjaacce GpyHkuuit C(0,1) u orpaHuueHHBIX mpu x = 0.
[lepexons B 1i K Mpefeny NpyU n — oo U yYUTbIBAd ,0 <a<l,0<Mya*1<1a
TaK»e OrpaHUYeHHOCTb UCKOMOH (PyHKUMH P(x), MOSYyUUM

d(x)=Fi(x), 0<x<1, (14)

YuursiBas (12)), u3 (14), nonyuum QyHKIHOHAIbHOE COOTHOLIEHUE, MEXAY T(Xx) U V(x) Ha
AB, nprHeceHHOe U3 o0sacTh Q :

V() = 1G] - gy (), (15)
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rae 4 =T (2B)sin(2Bx) /nys.

Beuny 0<a<1,0<Mya*' <1 u&(x)eCl0,1], pan B cocrae F(x) cxonures
abCoMIIOTHO paBHOMepHO , npH x € [0, 1].

[Tyctb u(x,y) pewienue omHopopHo# 3amauu T,°. [lpu atoMm @ (y) = @2 (y) = @3 (x) =
04 (x) =y (x) =F (x) =0 u B 06sacTd QT crpaBeiuiBO TOKAECTBO

(0" )+ (“”y)y —y" (ux)z - (”y)z —Y"Afu =0, (16)

Murerpupys Toxaectso (16) mo o6mactu QF u npumensis popmyay Faycca-Octporpanckoro
uMeeM

1
// [ym (x)? + (ux) + llzymuz] dxdy + / T(x)v(x)dx=0. (17)
Qf 0
Paccmortpum uHTerpadn

1
A:/T(x)v(x)dx. (18)
0

O6paliasi paBeHCTBO oTHOCUTesbHO T(x) mpu Fj(x) =0 ¢ ydyetrom YcCaoBHi ,

NOJY4YUM
X

) =2 [vO) 0PI gl lx-)dr (19)
0

[Toxcrasasist B u yuutbiBas opmy.nl [1]-[2]
x—1| 2P = ;/mzzﬁlcosz(x—t)dz
['(2B)cosnf / ’
_ a0/

- Var(1/2-B)

IMocJie HECJIO2KHBIX Hp606pa3OBaHHﬁ, HMeeM

J_p[Aa(x—1)]

1
/(1—52)“3‘1/%%/125 (x—1)dE,
1

1

~+oo
. Y4 B— B -B-1/2
A_zﬁF(ZB)cosnﬁo/Zz e [ (187"

-1

1 2 2

1
2

x Y /v(r) sintz;dt | + /v(t)costzjdt dé&,
Jj=1 0

0

rae zj =z-— (—1)’%25, M oTkyna cjenyer 4yto A > 0. YuutbiBag A >0 u u(x,y) =0
Ha 0y U0, UG3, u3 1i npu Ay # 0 noaydyum uto u(x,y) =0 B QFf. Ecm 4, =0, 10
u(x,y) = const B Q. B cusy HyneBbIX TPaHMYHBIX YCJOBHH M B 3TOM CJydae MoJydaeMm
u(x,y)=08 Q.

Torna 7 (x) =0 Ha AB, 0TKyaa U3 caenyet, uto V(x) =0 na AB. Torna, corsacHo
dopmyne (9), u(x,y) =05 Q.
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PerynspHoe pemenue 3agauu ['ypca B o6s1acTu , yI0BJIETBOPSIOLIEE YCJIOBHIO U

ulp, =y (x),1/2<x<1

UMeeT BU]
u(x,y) = (D(IV]?WZ), (20)
rie Y, (x) € C[1/2,1]1NC*(1/2,1) u
1
_ [ty
ya(0) = O/ = e ISR MR LA

+y2y/ LR G/ LGSy 8 22 (1) V(T = 1) .

0 [

CJIeIIOBaTeJIbHO : y‘-II/ITbIBaH (pYHKIHOHAJbHOE COOTHOLIEHNE uMeeM Y (x) =y (x) =
0. Orciona u3 nosyunM u(x,y) =0 B Q5

PeryJIﬂpHoe peleHre 3anauu JlapOy B o6.nacm 23 yIOBJIETBOPAIOILEE YCIOBUIO . U

ulp, =y3(x),1 <x < oo

umeet Bua [2]

4
ule) =2 [1(E-0 =P " Tp 1 [VE-D0-0]es)d+ (22)
1

n
+ [ @1 (t)v(0,1;&,m)dt
/

rae @1 (1) = 5 (1/2) +2B w3 (1/2) /t.y3 (1) € C[1,+00]NC? (1, +o0),

) _J ui(€,m:80,m0) 0 > o,
0(5,71,50,170)—{ 03(57712507710)72 <o

_ B
U1 (5»n2§07n0) = (1713)—60) 32(B71_ﬁ71;sl7s2)a

(n—&)(m—&)" >
yM560,M0) =k
B T -7

E, u H3 — runepreoMerpuueckue Gynxuuu ['ymbepra u [opua [6], a

GO B, o TP
"o &) (&) @ (07 MMk = mrrEe gy

cIDYHKU,I/IOHa.HbHOG COOTHOLIEHHE Ha XapaKTepHUCTUKeE Fz HUMeeT BUI

1
H, (l—ﬁ,l—ﬁ,2—2ﬁ;§,m).

w3 (x) =D (y1,y2).
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Tak kak @4 (x) = y3 (x) =0, To U3 nosyuum u (x,y) =0 B Q3 . CireoBaresbHo u(x,y) =
0, B Q, OTKyzia c/ieflyeT elMHCTBEHHOCTb pellenus 3agaun T,°.
Tenepb nepexonnM K n0Ka3aTesbCTBY CylleCcTBOBaHUs pelieHus 3anadu 7,°. [Ipu aTom
OT 3ajaHHble (YHKIUH YIOBJETBOPAIOT CIAYIOIHMM yeaoBuaM, & (x) =x' P&y (x),8 (x) €
C2[0,1].04 (x) € C[1/2,+00) NC?(1/2,+20),0; (y) =3°@; (¥).9; (v) €C[0, 1].0(x) € C*[0, 1].
HerpynHo y6enuthbes, uto pemenue 3anadd N nas ypasHenus (I) B o6mactu QF nmeer
BUL

1

u(xy) = = [v(6)G(E.0:0.3:2)dE — [ 071 () G (O.mixysd)dn+  (23)
0 0

1

+ [ 0702 (m) Ge (Lnsx.yid)dn = [ 03(8) Gy (&, 13320 dE.
0

3nece G(&,n;x,y; A1) — pyHkuus [puHa 3agaun N, umerowas BUL
—+oo

G(&,mx,y: M) =Y, [Gr(&+2n,m:x,y:4) — Gr (=& +2n,m:x,y:A1)],

Nn——oo

rae Gr(&,m;x,y; A1) - GyHKuMs [priHa 151 TOPU3OHTANBHOE TOJIYTIOJIOCH, KOTOpasi HMeeT

BUL:
o G X yik), y<n <1,
G(g’n’x’y’ll)_{ G (&, msx, v A1), 0<n <y,

4oc Ko 2a
G1(E,n;x,y;0) = \/_/ M

fa 20‘.“]Ia [Zauy%] [Zaun 7 ]smpx sinp& dp—

405,/ / Ko[200u]

il Z(X[.L)]Ka [2061Jy ]Ia [Zaun ] sinpx sinp& dp+

4 m
06\/_/ L 2“’“‘ ula [Zauy%]Ka [ZaunT} sinpx sinp& dp+

m+2

Ko [205.‘1)’ 2

405,/ / Ix[200u]

arl_q20u] o U sinpx sinp¢& dp,

405«/ K, 2
G2 (&, msx,y ) = / al “ Ia [206/.Ly 2 ]Ia [Zaun 2 ]smpx sinp€ dp+

405,/ / Ko[200u]

al o 2au]Ka [QOC.UTI T }Ia [205/.1); 2 }smpx sinp& dp+

406\/_/ Io 20t .“ Ia [206‘,“7 = ]Ka [205“); 2 }smpx sinp& dp+
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4oc~/ / Io2au]

ayl_gqf Zau]Ka [ZOC[Jy ’ }KO‘ [Za,un 2 }smpx sinp& dp,

1
“mt2 YT 2snan

u?=p2 428

3necb Ky[z]- MomuduuupoBannas gpyHkuus beccens BToporo poxa [1].
W3 (23) npu y — 0 nosyuaeM (pyHAaMeHTaJbHOe COOTHOLIEHHEe MexAay T(x) u V(x),
NpUHECEeHHOEe Ha AB 13 3JunTHdeckod Q1 yacTu cMewmanHo# o6sacTu Q B clenyoleM

BUIIE
1

1
() = — / V(i) Hy (x,1)di — / V(1) Ho(x,1)dt + Fa (%), (24)
0

0

Hy(x,1) = ki {Jv =172 = (r-0) 2P 4

+Y {(Zn‘x“)zﬁ—(2n—x—t>2’3+(2n+x—t)zﬁ—(2n+x+t)w}},

n=1

Hy(x,t) = i (x,t+2n) + f (x,t —2n)]

n=1

. i |2{1’ <\x—t|>2k_2ﬁ_<w)2k_2ﬁ
P AETEk-BHDR |\ 2 2

s [+ 0) P I (Ceb ) [al) = =1 P g (be—e] P )| +

7K1 pl(1-2B)\/p?+A}

( ]
[p? + At] sinpx sinpé dp,
o Ip—12[(1-2B)\/p?+Af] ]

R0 =~ [ 171(1) G (0,m:x.0:0)dn + [ 1" @2(m) Ge (1,750 2 )~
0 0

_|_

+ky

1
~ [ 93(E)Gy (&, 12, 0: ),
0

L/ anNPRE),  m+2)Pym g, Am+2)7F
=g () (2ﬁ)’k2_2r2(1/2+[3) K= PR =g 1y

Hcknrouas Gpynkuuo T(x) B u TOJIyYUM CHHTYJISIPHOE MHTErpajbHOe ypaBHeHHe
OTHOCHUTEJIbHO H€I/I3B€CTHOH cpyHKuHH v( ) B BUJE:

1

1
V() + %5 / V(OK (x,1)dt = / V(1) L(x,1)di + F3(x), (25)
0

0

rae

i (P [ £ { (5) (ot o)
o\t t—x t4+x = 2n—t 2n—t+x 2n—t—x

o6
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r \?P 1 N 1
2n+t 2n+t—x 2n+t+x ’

§)P ! [Hy (&.1) [1 —Tp[Aa(x—&)]]

Ll(x,t) =

'(2B)( 1+s1n7rﬁ dx

X

STEL 1+2ﬁo/ PPyt [ (v )] (§.0)dE 5

Ya 1A 1
F(x) = m{c [Fz(x)]—mﬂ(x)},

¥s =cosmf /m(1+sinzp).

B cu/y yc/ioBMEl, HaJOXKeHHBIX Ha 3afaHHble GyHKUHH uMeeM F3(x) € C[0,1]NC?(0,1),

npudeM F3(x) = O <x23>.
Teneps nepexonum K peleHuto ypaBHeHus (19) ¢ 3To# uesbio 3anuiieM ero B BHJE

1

V() + 7 / V() K (x,1)di = Fy (x), (26)

0

rae Fy (x) = F3(x) —(jv (t)L(x,t)dt.

Monaras v (x) =x*Pu(x), K(x,1) = (;-‘)2/3 Ky (x,1), Fy(x) = x*F5 (x), npuBenem ypas-
HeHHe K BHLY

L)+ / () Ky (x,1)dr = F (x), 27)

K (.0) Lo i r \?P Lo,
_x = — —_— J—
L t—x t+x & 2n—t 2n—t+x 2n—t—x

n=1

t \?P Lo,
2n+t 2n+t—x 2n+t+x )

Haiinem ¢ Hauana ¢yukuuo Ky (x,7), UMEIOLLYI0 Te e JUHUK 0COOEHHOCTEH 4TO U PO
Ki (x,t) ¥ Takywo UTO CHHTYJSIPHOEe HHTerpajibHOe ypaBHeHHe ¢ sinpoM Ky (x,t) momyckaer
pellleHHe B 3aMKHYTOM BHJE.

B kauectBe sinpa Ky (x,#) BO3bMeM BbipaKeHHe

rue

Ko (x,1) 1 . 1 +i 1 . 1 1 1
xXt)=——+— — — _
05 t—x t+x =S \2n+t+x 2n+t—x 2n—t+x 2n—t—x

U sanuumem ypaBHenue (27)) B Bume

1

)75 [ 1 (Ko () de = Fs (1)~ 35 [ AK (o) o) (28)
0
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rae AK (x,t) = Ko (x,t) — K; (x,1).
[Tonb3ysick pasznoxenueM siaep Kj(x,1) u Ko (x,t) ¢yHxuuio AK (x,7) MOXKHO MHcaTh B
BUIE:

(2n—1)' -2 [(%-r)zﬁ —ﬂﬁ} @n+0)P [(2n+1)2P 28
(2n— t)z — x2 a (2n _H)Z _

%
n=1

OTciona HeTpyOHO NoKa3aTh, 4To AK (x,t) — orpaHuueHHa B KBanparte 0 < x,¢ < 1.
Tenepb cunrtast mpaByto 4actb ypaBHeHus (28)) usBecTHo#, 3anuuieM ee BHJe

R+ [ R0 Ko (k) dt = Fy (3), (29)

Hcnonb3ys pas/oxeHUs ctgx Ha mpocTeiiive ApodH

1 - 1
tgz=—+2 - 0,£m,£27m....
Clgz Z+ Zkzlzz_kzn_za Z% ) )
MOXXHO yTPOCTUTb 1po Ky (x,1):
d sin’ il
I NI Gy
Ko (x,1) = 5 [ctgz (t—x) +ctg5 (H—x)] = CE
2 2
Iponssens sameny z =sin®Z%, ¢ =sin?Z u nonaras p (z) = u (x), r(z) = Fs(x) u3 1)
MOJyYUM CHHTYJISIDHOE HHTerpajbHOe ypaBHeHue THna Koiu
1
d
p+s [EHE i), 30)
0

Tak kak 1—y52 # 0, To ypaBHeHHe IBJISIETCS ypaBHeHHWe HOpMaJbHOro Tuma. B co-
OTBETCTBHU C 3TUM pelieHue ypaBHeHHsi (30) MoxKeT ObITb MOCTPOEHO COIMIACHO OOLIEH
teopun [7]]. VI3 mocraHoBku 3anauu 7,°, BBeLeHHBIX 0003HAYEHHH W CBOWCTB 3adaHHBIX
(GYyHKUME cJefyeT 4TO pellleHUe ypaBHeHHe Oyzem uckatbh B Kaacce h(0), To ecTb
B KJacce (PyHKUHH, orpaHUuyeHHBIX NMpHU z — 0 U HeorpaHuuyeHHbIX npu z — 1.MHpeke
ypaBHenue (30)) xsiacce h(0) paBeH Hyqio, a kaHoHHYecKass QyHkuus X (z) kaacca h(0)

HMeeT BUI:
ﬁ

X(z) = [Z/(Z—l)]

Torga, cornacHo oOlel TeOpUHM ypaBHEHHsI MMeeT eIUHCTBEHHOE DeLIeHHsI U OHO

naetcst popMysou
P =Y oS (55 ) +

1

1n —ll i 2y
A I N
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YuuteiBasi (31) ¥ Bo3Bpallasicb K MpeXHUM MepeMeHHbIM X,f, U K (QYHKUUH V (x) T0-
JyyaeM HHTerpasbHOoe ypaBHeHHe Ppearosbma BTOPOro poia co caaboil 0COOEHHOCTHIO,
3KBHBaJIEHTHOe (B KJlacce pa3pelidMOCTH M B Kjacce UCKOMbIX pelleHHi) 3anaue 7,,°.

1
(x) + / V(1) Ka (x,1)dt = Fy (x), (32)
0

rue

K (6,1) = % [ys (’f)zﬁ AK (x,1) —L(x,t)] n

+n / (th) " (3 ko) s (€. - L,

tg2

Fs () = 85 () + 1 / (52) () xwnnoa

V/1+sinzf T 1 sinZ (B—1) /1+sinnp
fo= Y cos = (B—7 ), v = - -
\/E 2 2 T \/E
B cuiy emvHCTBeHHOCTH pelueHHsi 3agaun T,;°, CYLIECTBYeT eIHHCTBEHHOE pelleHHe
ypasrenust (32)). O

2P

3akno4yeHue

[Tocsie Toro kak HaimeHo V (x), QYHKLHS T(x) HAXOAHUTbCS U3 1.D 3aTeM pelleHHe
sanaun T,° B obnactsax Q1 u Q| Haxonurces mo opmysaam @) . 2) n 1 COOTBET-
CTBEHHO.
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