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Preface 

The conference was held to summarize international experience in the field of 
mathematics, information, and computing technologies. The III International Sem-
inar on Computing Technologies and Applied Mathematics was held on October 
07–11, 2024, in person at Komsomolsk-na-Amure State University (Komsomolsk-
on-Amur, Russia). The conference addressed issues of mathematics related to 
mathematical and optimization modeling, numerical algorithms, and high-
performance computing and applications. A distinctive feature of the conference is 
that authors from Germany, China, South Korea, Uzbekistan, and Russia spoke at 
it. Researchers from different countries presented scientific and practical proposals 
on mathematical modeling and computing technologies. 

The editors of the conference proceedings are Arthur Gibadullin from the 
National Research University “MPEI,” Moscow, Russia, and Sergey Gordin from 
Komsomolsk-na-Amure State University, Komsomolsk-on-Amur, Russia. Thus, the 
conference allowed developing new scientific recommendations on the use of 
mathematics, information, computer, digital and intelligent technologies, and net-
works in various fields of activity, which can be useful for state and regional 
authorities, international and supranational organizations, and scientific and profes-
sional community. 

Each presented paper was reviewed by at least three members of the Program 
Committee or an independent reviewer. As a result of the work of all reviewers, 
14 articles out of 37 received materials were accepted for publication. The reviews 
were based on the assessment of the topic of the presented materials, relevance of the 
research, scientific significance and novelty, quality of materials, and originality of 
the work. Reviewers, members of the Program Committee, and members of the 
Organizing Committee did not enter into discussions with the authors of the articles.
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vi Preface

The Organizing Committee of the conference expresses its gratitude to the 
Springer staff that supported the publication of this collection. In addition, the 
Organizing Committee thanks the conference participants, reviewers, and everyone 
who helped organize this conference and form this volume for publication in the 
Springer Proceedings in Mathematics & Statistics series. 

Moscow, Russia Arthur Gibadullin 
Komsomolsk-on-Amur, Russia Sergey Gordin



Organization 

Program Committee Chairs 
Alekseev Gennadii Far Eastern Federal University, Vladivostok, Russia 

Chebotarev Alexander Far Eastern Federal University, Vladivostok, Russia 

Guzev Michael Institute of Applied Mathematics FEB RAS, Vladi-
vostok, Russia 

Program Committee 
Samardak Alexander Far Eastern Federal University, Vladivostok, Russia 

Kovtanyuk Andrey Technische Universität München, Munich, Germany 

Nurminski Evgeni Far Eastern Federal University, Vladivostok, Russia 

Dmitriev Eduard Komsomolsk-na-Amure State University, 
Komsomolsk-on-Amur, Russia 

Komarov Oleg Institute of Metallurgy and Mechanical Engineering 
FEB RAS, Komsomolsk-on-Amur, Russia 

Liu Chi Beijing Institute of Technology, Beijing, China 

Kulchin Yuri Far Eastern Branch, Russian Academy of Sciences, 
Vladivostok, Russia 

Xu Runzhang Harbin Engineering University, Harbin, China 

Marfin Yuriy Pacific National University, Khabarovsk, Russia 

Sushchenko Andrei Institute of Applied Mathematics FEB RAS, Vladi-
vostok, Russia 

Amiraliyev Gabil Erzincan Binali Yıldırım Üniversitesi, Erzincan, 
Turkey 

Chigarev Anatoly Belarusian State University, Minsk, Belarus 

Devi Geetha National University of Science and Technology, 
Muscat, Oman 

Chandrasekhar Garlapati Puducherry Technological University, Puducherry, 
India 

Uzakov Gulom Karshi State Technical University, Karshi, 
Uzbekistan

(continued)

vii



viii Organization

Dimitrov Lubomir Technical University of Sofia, Sofia, Bulgaria 

Britvina Valentina Moscow Polytechnic University, Moscow, Russia 

Sadriddinov Manuchehr Small Academy of Sciences under the Presidium of 
the National Academy of Sciences of Tajikistan, 
Dushanbe, Tajikistan 

Gibadullin Arthur National Research University “Moscow Power 
Engineering Institute,” Moscow, Russia, and Finan-
cial University under the Government of the Russian 
Federation, Moscow, Russia 

Voinash Sergey Kazan Federal University, Kazan, Russia 

Morkovkin Dmitry Financial University under the Government of the 
Russian Federation, Moscow, Russia 

Gordin Sergey Komsomolsk-na-Amure State University, 
Komsomolsk-on-Amur, Russia 

Pulyaeva Valentina Financial University under the Government of the 
Russian Federation, Moscow, Russia 

Mehdiyeva Almaz Azerbaijan State University of Oil and Industry, 
Baku, Azerbaijan 

Khamraeva Sayyora Karshi State Technical University, Karshi, 
Uzbekistan 

Organizer 
Komsomolsk-na-Amure State Univer-
sity, Komsomolsk-on-Amur, Russia



Contents 

Information-Mathematical Support of Digital Twin of Stand-Alone 
Hybrid Energy System .  .  .  .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1  
V. D. Berdonosov, O. N. Feygenson, and E. O. Shelopugina 

Quadratic Programming in a Model of Resource Distribution in 
Agriculture Based on Quantum Approximate Optimization 
Algorithm .  .  .  .  .  .  .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27  
L. U. Safarova, D. T. Muhamediyeva, and D. Vasiyeva 

The Detection of a Jump-Like Gaussian Random Disturbance When 
Appearance Time and Dispersion Are Unknown .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  43  
Oleg Chernoyarov, Sergey Vybornov, Elena Chernoiarova, and Maria 
Kholodova 

Mathematical Analysis of Disturbing Forces in the Air Gap of an 
Asynchronous Motor Using Finite Element Modeling .  .  .  .  .  .  . . . . . . . . . 59  
Artem Ermolaev, Aleksandr Plekhov, and Dmirtiy Titov 

Information-Analytical System for Fractal and Neural Network 
Diagnostics of Computed Tomography Images of the Lungs .  .  .  . . . . . . 73  
Vladislav Salmiyanov and Anna Maslovskaya 

Optimizing Resources in Information and Telecommunication Systems 
on the Base of Mathematical Simulation .  .  .  .  .  .  .  .  .  . . . . . . . . . . . . . . . . 87  
Andrey Preobrazhenskiy, Tatyana Avetisyan, Yuriy Klimenko, and Yuriy 
Preobrazhenskiy 

Application of Quantum Swarm Algorithm in Global Optimization .  . . . 103  
D. T. Muhamediyeva and M. H. Raupova

ix



x Contents

Genetic Algorithm for Sequential Optimization of Data Sampling 
for Construction Surrogate Models .  .  .  .  .  .  . . . . . . . . . . . . . . . . . . . . . . 119  
Irina Bolodurina, Alexander Shukhman, Jie Cui, Lyubov Grishina, 
and Leonid Legashev 

Beltrami-Mitchell Equations for the Case of Incompatible 
Deformations .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133  
K. N. Pestov, M. A. Guzev, and O. N. Lyubimova 

Optimization of Cargo Delivery Route to Nearby Cities .  .  . . . . . . . . . . . 147  
S. N. Masaev, S. O. Barachevskaya, and V. V. Vingert 

Refinement of Variable Order Fractional Derivative of 
Gerasimov-Caputo Type by Multidimensional Levenberg-Marquardt 
Optimization Method .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  159  
Dmitriy Tverdyi 

Computational Approach to Modeling Nutrient-Dependent Growth of 
Bacterial Patterns with Time Delay Effect .  .  .  .  .  .  . . . . . . . . . . . . . . . . . 175  
Ivan Shevkun, Anna Maslovskaya, and Christina Kuttler 

A Combined Approach to the Classification and Semantic 
Segmentation of Production Tools Through the Use of the 
One-Shot Learning Method .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . . . . . . . . . . . . . . . . . . 185  
D. M. Grabar, S. V. Zhiganov, and Y. S. Ivanov 

The Kolmogorov-Smirnov Mathematical Test for Vectors of the Digital 
Twin of an Enterprise .  .  .  .  .  .  .  .  .  .  .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . 199  
Sergey Masaev, Ivan Chumakov, and Valentina Vingert



Refinement of Variable Order Fractional 
Derivative of Gerasimov-Caputo Type by 
Multidimensional Levenberg-Marquardt 
Optimization Method 

Dmitriy Tverdyi 

Abstract When solving many fundamental and applied problems related to the 
study of properties of dynamical systems, situations often arise when the parameters 
of the model are not exactly defined. One can try to solve such a problem by 
searching the parameters, taking into account the understanding of the nature of 
the modelling process. On the other hand, it is possible to solve inverse problems—a 
common type of problems in many scientific fields, where it is necessary to deter-
mine the values of the model parameters on the basis of experimental data, but it is 
impossible to make direct measurements of the parameters. The paper considers an 
inhomogeneous fractional equation with a Gerasimov-Caputo type operator of 
variable α(t) order. The possibility of recovering the form of the function α(t) and 
refining its values on the basis of test generated data is investigated. The direct 
problem is defined as a Cauchy problem for a fractional equation solved numerically. 
The solution of the inverse problem is reduced to the minimization of the inviscid 
functional, and the minimization problem is solved using the iterative Levenberg-
Marquardt unconditional optimization method. Thus, the problem of determining the 
optimal form α(t) of a fractional equation is reduced to 4 parameters that control the 
course of the solution of the inverse problem and do not depend on the physical 
meaning of the original problem in specific models. On test examples it was shown 
that the Levenberg-Marquardt method can indeed be used for unconditional optimi-
zation to determine type of function α(t) and its optimal values. 

Keywords Inverse problems · Non-conditional optimization · Levenberg-
Marquardt algorithm · Fractional derivatives · Gerasimov-Caputo · Memory effect · 
Non-locality · Implicit finite-difference schemes 
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1 Introduction 

Integral-differential calculus has been actively developing for more than 300 years, 
and during this time it has proved to be a reliable and powerful tool for solving 
theoretical and applied problems. Throughout the history of this branch of mathe-
matical science, researchers have been fascinated by the question of the possibility of 
generalizing the concepts of integral and derivative from integer to real order 
[1]. Since the time of G. W. Leibniz and G. F. Lopital (1965), various definitions 
of the concept of fractional differentiation operator have been developed: Riemann-
Liouville, Weyl, Grunwald-Letnikov and many others. Also, applications of frac-
tional derivatives and integrals are increasingly being found in areas where the 
integer definition was insufficient. In quantum physics [2], viscoelasticity [3, 4] 
and solid mechanics [5], anomalous diffusion processes [6], fractal oscillators 
[7], etc. 

In our study, fractional derivatives (FD) are interesting because they are useful for 
illustrating the memory and hereditary properties of many dynamical processes 
[8]. This effect is also called hereditary, and one of the first scientists to work on 
deriving this theory was the Italian mathematician and physicist V. Volterra 
[9]. Hereditary and its relation to fractional derivatives can be shown as follows. 
Consider the following integro-differential equation (IDE): 

t

-∞ 
K  t- σð  Þ _u σð  Þdσ =F  u  tð  Þ, t ð Þ, ð1Þ

where, according to V. Voltera [9] principles of heredity, memory takes into account 
all possible prehistory. Since in practice we do not have data on the entire history of 
the process, we should consider the integral on the sub-interval (0, t) where, t ∈ [0, T] 
is the current simulation time, T > 0 is the total simulation time. The main point is 
that choosing the form of the kernel K(t - σ) as the degree function K  t- σð  Þ= 
t- σð  Þ-α 

1 α allows us to pass to the fractional calculus operators [7, 10].ð  Þ  
Turning to the FD formalism when dealing with such IDE, in our study we will 

consider the integral in the left-hand side of (1) in terms of the Gerasimov-Caputo 
fractional differentiation operator [11, 12] of constant 0 < α < 1 order: 

t 

0 

t- σð  Þ-α 

Γ 1- αð  Þ  _u σð  Þdσ � 1 
Γ 1- αð  Þ  

t 

0 

_u σð  Þ  
t- σð  Þα dσ � ∂α 

0,tu σð Þ, ð2Þ

where, Γ(·) is the Euler gamma function; _u= du=dt. 
The memory effect is represented by the dependence of the current state of the 

dynamical system on the previous states, i.e. non-locality. The intensity of this effect 
will be determined by the value of the degree of FD. Classically, this certain α value 
is non-integer and constant [13].
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In science and engineering, memory properties are common in complex systems. 
However, there are generalizations of fractional derivatives to the case of time-
variable non-locality α(t) and other functional dependencies [14]. Variable order 
fractional derivatives (VOFD) find their application in the theory and practice of 
physical and mathematical sciences. For example, the diffusion equations [15] or the 
dynamic viscoelastic oscillator model [16]. 

In [17] generalization FD of the form (2) to VOFD at 0 < α(t) < 1 studied in 
detail: 

1 
Γ 1- α tð  Þð Þ  

t 

0 

_u σð  Þ  
t- σð  Þα tð Þ  

dσ � ∂α tð Þ  
0,t u σð  Þ  , ð3Þ

where, α(t) ∈ C1 (0, 1) is a continuous-differentiable function. 
In such a case, the Eq. (1) in the domain Ω = {(t)  :  0  ≤ t ≤ T} can be represented 

as a fractional equation (FDE) of the form:

∂α tð  Þ  
0,t u σð  Þ=F  u  tð  Þ, tð  Þ  , ð4Þ

where, u(t) ∈ C2 (0, T ) a twice continuously differentiable solution function; F(u(t), t) 
a functional defining the form of the FDE. 

The series of works of the author of this research, including publications [18, 19], 
is devoted to the study of issues related to mathematical modeling of volumetric 
activity of radon gas (RVA) in accumulation chambers with gas-discharge sensors. 
Accumulation chambers are located in observation points, which are located above 
the zones of dynamic influence of faults in the Earth’s crust. These zones have 
increased permeability, which favors the flow of subsurface gases into the atmo-
sphere [20]. It is assumed that the parameter α(t) describes the fractality of the 
geosphere and is related to its characteristics such as porosity, permeability and 
fracturing, which directly affect the intensity of the process. As a result, a number of 
mathematical models based on nonlinear FDE of the form (4) have been developed. 
In [18] it is shown that nonlinear models with FD of the form (2) of constant order α 
can well describe the accumulative modes of RVA. In [18] it is shown that gener-
alization to VOFD of the form (3) to the case of α(t) also allows describing some 
anomalous RVA modes. Continuous monitoring of RVA variations in order to 
detect anomalies in its values is one of the effective methods to investigate the 
stress-strain state of the geosphere. RVA is considered to be an informative and 
operative precursor of seismic events, which determines the relevance of such 
studies. 

When solving many fundamental and applied problems related to the study of 
certain properties of dynamical systems, situations often arise when the parameters 
of the model are not precisely determined. However, if experimental data or infor-
mation on the ranges of values of the model parameters are known, it is possible to 
select various parameters of such models empirically, taking into account the 
available understanding of the nature of the modeled process. In the [18, 19] articles,



the model parameters are refined by enumerating values and comparing time series: 
modeling results and experimental data representing the process. This process 
continues until the modelling results begin to qualitatively approximate the data, 
that is, until high values of correlation and R2 determination [21] are reached. This 
approach is time consuming, which inevitably leads us to ideas of different ways to 
automate the selection of optimal parameters. 
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For example, in the research [22, 23] for fractional equations, numerical methods 
for obtaining interval estimates of solutions from known interval values of param-
eters for anomalous diffusion problems are applied. 

An inverse problem can be solved to obtain a solution to the problem of finding 
the optimal parameters. Such problems are often ill-posed [24], i.e., the solution may 
not exist, the solution may not be unique, or the solution is unstable [25]. However, 
the inverse problem is a common type of problem in many scientific fields [26], 
where it is necessary to determine the values of model parameters from observed 
data [27]. Despite the fact that this branch of mathematics began to be actively 
developed only in the XIX-XX century, it can rightly be considered one of the most 
important. The need for such an approach often arises in geological data [29], in 
geophysics and seismology [30], in computed tomography [31, 32] and many others. 
This issue is especially acute for geophysics, as it is impossible to make direct 
measurements deep underground [27]. 

2 Direct Problem Statement 

Consider the case when the functional F(u(t), t) = 1. Then (4)  is  defined as an 
inhomogeneous FDE for which in the domain Ω = {(t)  :  0  ≤ t ≤ T} we consider a 
Cauchy problem of the form:

∂α tð Þ  
0,t u σð  Þ= 1, u 0ð  Þ= u0, ð 5Þ

where, ∂α tð  Þ  
0,t u σð  Þ—FD of variable order 0 < α(t) < 1 of the form (3); u(t)—solution 

function; α(t)—degree of the fractional derivative of (4); u(t) ∈ C2 (0, T ) = U—the 
class of twice continuously differentiable functions; α(t) ∈ C(0, 1) = A—class of 
continuous-differentiable functions; u0—some constant, the initial condition of the 
Cauchy problem. 

Definition 1 The direct problem is a Cauchy (5) problem consisting of finding 
u(t) ∈ U given a known α(t) ∈ A. 

To solve the direct problem (5), we use the previously developed and theoreti-
cally justified non-local implicit finite-difference scheme (IFDS), which has been 
tested on a number of test problems [17]. We also note that (5) can be solved using 
the explicit finite-difference scheme (EFDS) presented in [17, 28]. Let a uniform grid



domainΩbe given, in which classes of grid functions U and Awith a sampling step τ 
are defined: 
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τ= T=N,Ω= ti = iτð  Þ : 0≤ i<N,U ∈Ω,A∈Ω, 
u  tð  Þ= u  tið  Þ= ui, α tð  Þ= α tið  Þ= αi, 0< αi < 1, ð6Þ

The in-homogeneous FDE (5) can be approximated in the domain (6) by the IFDS 
scheme as follows: 

Ai 
i- 1 

j= 0 
wi 
j ui-j - ui-j-1 - 1= 0, u0 =C, 

Ai = 
τ-αi 

Γ 2- αið  Þ ,w
i 
j = j þ 1ð  Þ1-αi - j1-αi , 1≤ i<N, ð 7Þ

where C—is a known constant. 

Definition 2 The difference direct problem (7)  is  to  find the grid u  tið  Þ∈U in the

domain (6) for known values of the grid function α tið  Þ∈ A.
The IFDS scheme (7) can be solved by Newton’s method or by a modified 

Newton’s method. In [17], a number of theorems on the convergence and stability 
of IFDS for FDEs of the more general form (4) as well as fractional derivative 
approximation (3) were formulated and proved. More details on the numerical 
method, see in [17, 33]. 

Remark 1 The difference direct problem (7) based on the IFDS scheme and solved 
by Newton’s method, according to the [17], is unconditionally stable and converges 
with order O τ2-max 1t α tð  Þð  Þ  .

3 Inverse Problem Statement 

Let the values of the function α(t) ∈ A (or its grid analogue α tið  Þ∈A) be unknown. 
However, additional information (experimental data) is known about the solution of 
the difference direct Cauchy problem (7) in the domain Ω: 

u  tið  Þ= θ tið  Þ, ð8Þ

Let α(t) ∈ A be a function of some known class, and its form is clearly defined by 
some set of parameters. Then, according to the book [34] by Tikhonov A.N., 
Samarskii A.A., the solution of the inverse problem is reduced to the search for 
the values of these parameters. Following this approach, let us define the set of 

vectors 
! 

as the space of solutions to the inverse problem (5). The vector X 
→ 
=



ð Þ= ∈

e

X0, …,XK-1½ � a set of unknown parameters characterizing the form of the function 

α(t), where X 
→ 
∈ 
!
, 
!

⊂ℝK , K is the number of components. 
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Definition 3 The inverse problem for (5)  is  defined as the recovery (definition) of 

the function α t α X 
→

A:

∂
α X 

→ 

0,t u σð  Þ= 1, u 0ð  Þ= θ0, ð 9Þ

Definition 4 Therefore, the difference inverse problem for (7)  is  defined  as  th  

restoration of the grid function α tið  Þ= α X 
→ 

= α X0, …,XK-1ð Þ∈A  ,  from the

known (8) additional information: 

Ai 
i- 1 

j= 0 
wi 
j ui-j - ui-j-1 - 1= 0, u0 = θ0, ui = θi, 

Ai = 
τ- α X 

→ 

Γ 2- α X 
→ ,wi 

j = jþ 1ð  Þ1- α X 
→

- j1- α X 
→ 

, 1≤ i<N, ð10 Þ

Let θ 
→ 
= θ0,…, θN-1½ � the vector of experimental data according to (8), and 

ω tið  Þ∈U, ω tið  Þ=ω X 
→ 

= ω0, …,ωN-1½ � is the vector of model data, i.e., the 

solution of the difference direct problem (7) obtained with respect to the approxi-

mation α X 
→ 

at some given values of X 
→ 
. 

Let η→ = η X 
→ 

= η0, …, ηN-1½ � be a bias vector of dimension N > K such that 

ℝK →  ℝN , i.e., a real subset of ℝ that depends on the solution ω X 
→ 

of dimension 

N and hence depends on α X 
→ 

of K parameters of X 
→ 
:

η
→ = θ 

→
-ω X 

→ 
, ð11Þ 

Then, in terms of unconditional optimization theory, according to [35], the solution 
of the difference inverse problem (10) reduces to the minimization of the Ψ of bias 
functional: 

min 
X 
→ 
∈ℝK 

Ψ X 
→ 

=M η X 
→ 

, η : ℝK →ℝN ,M : ℝN →ℝ, 

M η X 
→ 

= 
1 
2 
η
→ T 

η
→ = 

1 
2 

N - 1 

i= 0 
η2 i = 

1 
2 

N- 1 

i= 0 
θi -ωið Þ2 , ð12Þ 

Remark 2 Since the continuous inverse problem is discretized, it often happens that 
exactly the stability condition obtained by numerical method is broken, defining the



�

difference inverse problem (10) as an ill-posed [36]. However, in the considered 
case, the unconditionally stable IFDS algorithm [17] is used to solve the direct 
problem (5) in the discrete formulation (7). 
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4 Method of Minimizing the Target Function 

To solve such a minimization problem (12), we turn to mathematical optimization 
methods [35, 37]. There is a class of methods called iterative descent or gradient 
descent methods [38, 39], but they have an unpleasant peculiarity. In practice, the 
values of η

→ 
may have local minimums in addition to the desired global minimum. 

Depending on the choice of the initial approximation X0
!

, the method may converge 

just to a local minimum of the functional Ψ X 
→ 

rather than a global minimum. 

As an alternative to iterative descent methods, there is a class of Newtonian 
(quasi-Newtonian) methods that are among the most efficient in practice [35]. We 
can use Newton’s unconditional optimization method, but it requires that the 

functional Ψ X 
→ 

∈C2 G⊂ℝK twice continuous-differentiable in an open convex 

set G. More details in [35]. This condition is required to compute the Hessian (Hesse 
matrix) of the form: 

H =∇2Ψ X 
→ 

=∇2Ψ X 
→ 

i,k 
= 

∂2 Ψ X 
→ 

∂Xi∂Xk 
, i≥ 0, k ≤K- 1, 

Newton’s unconditional optimization method is implemented as an iterative 
procedure: 

ΔX
!

= -H -1 × ∇Ψ X 
→ 

, 

where, ∇Ψ X 
→ 

—the gradient of Ψ in X 
→ 
; approximation X 

→ 
—the recovered values 

computed at the current iteration of the procedure; ΔX!= ΔX0 …ΔXK-1½ —the 

optimal increments X 
→ 

for the next iteration. 

Remark 3 An important characteristic of numerical methods of optimization is the 
convergence rate, which characterizes the efficiency of the method used to solve the 
inverse problem. Therefore, it is desirable to use the method with the highest 
convergence rate. 

Therefore, we will use a modification of Newton’s method, called the Levenberg-
Marquardt iterative method of unconditional optimization [40–42], which allows us 
to get rid of the condition for the existence of second derivatives. Assuming that at 

least Ψ X 
→ 

∈C1 G⊂ℝK is satisfied, and ∇Ψ X 
→ 

= JT × η
→ 
, and the Hesse 

matrix of dimension K × K is calculated as follows:



= δ 0 δ K-1

X = X0 , ,XK-1 approximations;

• Similarly, we obtain 
! ð  n δ = nη ð  nη ÞÞ δ δ 

0
ð  Þ

…η N-1 to solve the direct problem with 

respect to X
! 
n δ =X

!
n δ

!ð  Þ ð Þ þ X approximations with given increments.

H = JT × J þ γE, 

then the Levenberg-Marquardt method is realized as the following iterative proce-
dure for the system of linear algebraic equations: 

ΔX!= - JT × J þ γE -1 
× JT × η→ , ð13Þ 

where,

• E—is a unitary matrix of dimension K × K;

• η
→ = η nð  Þ! 

= η X nð  Þ! 
—bias vector;

• J = J  X  
→ 

= J  X  nð  Þ! 
—is a Jacobi matrix of dimension N × K whose elements 

have the form: Ji,k = ∂η 
nð  Þ  
i 

∂X nð  Þ  
k 

, i= 0::N - 1, k= 0::K - 1. 

and the derivatives in Ji, k are approximated by a finite difference of the form: 

Ji,k = 
η nð  Þδ 
i - η nð Þ

i

δXk
,

where,
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• δX
!

X … X —given small increments X 
→ 
;½ �

η nð  Þ! 
= η nð  Þ  

0 …η nð  Þ  
N-1 —is calculated by the formula (11)  on  n iterations of the 

method, based on the solution of the difference direct problem with respect to 
nð  Þ! 

nð  Þ  
…

nð Þ

→
• Moreover, X

! ð  0Þ is the initial approximation for the components of X ;

5 Algorithm of the Levenberg-Marquardt 
and Regularization 

Remark 4 Typically, the so-called regularization parameter γ some number taking 
different values for different optimization problems, i.e., for different additional 

information θ 
→ 
.
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The regularization parameter γ is of key importance for the Levenberg-Marquardt 
method and is directly related to the step and direction of convergence of the method. 
Therefore, it is worth noting important properties imposed on γ according to the: 

=ℝ> 0 = γjγ ∈ℝ, γ > 0f g;

• if γ ∈ and the Hesse matrix H is positively defined, then ΔX! 
is the direction of 

descent (gradient) for the “good” (optimal) step of the method;

• if γ → 0 is very small, then ΔX! is the optimal step of the method in the gradient 
direction. This also means the convergence rate of the method is close to 
quadratic;

• If γ ∈, γ≫ 0, then it follows from (13) that ΔX!≃ 1=-1=γ J
T × η→ method step 

in the direction of the anti-gradient. 

In this article we will not describe the Levenberg-Marquardt algorithm in detail; it 
can be found in detail in [42]. It is important to note only that there are two more 
parameters in the algorithm: c—is a given constant for recalculation of the regular-
ization parameter and v—is a given constant, which is not necessary to compute the 
value of γ(0) at the start. The presented algorithm for solving the inverse problem (10) 
was implemented as a set of subroutines in C language. 

Definition 5 As a result, the inverse problem for (4) is reduced to the choice of 
4 parameters controlling the course of the iterative method, which are no longer tied 
to the physical meaning of the original task in specific models. 

Remark 5 The peculiarity of the described methods of Newton-type minimization 
of the functional (12) for solving the difference inverse problem is that it is necessary 

to solve the difference direct problem (7) many times, different values of X 
→ 
. This 

requires the most efficient implementations of the direct (7) problem and methods for 
solving it. We used the previously implemented subroutines [33] in C, using 
OpenMP [43] and/or CUDA [44], to speed up the calculations due to parallelization. 

6 Test Examples and Results of Numerical Experiments 

We will show by examples that the described method of solving the difference 

inverse problem (10), at certain given X 0ð  Þ! 
, δX, c, vparameters related to the direction 

and step of the Levenberg-Marquardt method, really allows to restore the form of the 
functional dependence α(t). The structure of the numerical experiment is as follows:

Suppose for all examples further: T = 30, N = 300;



= 0 K-1

X

Fig. 1 Example 1. α(ti) = X0(iτ/T )—is a linear-increasing. (a) Graphs α(ti): (Blue)—“benchmark” 
→ → 
X , (Red)—restored X ;  (b) Model curves: (Blue)—“benchmark”, (Red)—optimization result at !ð  0Þ  = ½ �0:01 , δX = [0.005]

result at X

Fig. 2 Example 2. α(ti) = X0((N - i)τ/T )—linear-decreasing. (a) Graphs α(ti): (Blue)—“-
→ → 

benchmark” X , (Red)—restored X ;  (b) Model curves: (Blue)—“benchmark”, (Red)—optimization !ð  0Þ = ½ �0:01 , δX = [0.005]

168 D. Tverdyi

• Let us solve the “benchmark” direct problem (7) with all given and known 
parameters of the model, including the recovering function α(t) and its defining 

parameters X 
→ 

X , …,X . Blue model curve in (Figs. 1, 2, 3, 4, and 5b);

•

½ �
Based on the “benchmark” solution, we generate θ 

→ 
—pseudo-random experi-

mental data (8). The (Black) curve in (Figs. 1, 2, 3, 4, and 5b);



X

Fig. 3 Example 3. α(ti)= X0cos
2 (X1iτ)—periodic function. (a) Graphs α(ti): (Blue)—“benchmark” 

→ → 
X , (Red)—restored X ;  (b) Model curves: (Blue)—“benchmark”, (Red)—optimization result at !ð  0Þ  = ½ �0:1,0:02 , δX = [0.05,0.01]

X

Fig. 4 Example 4. α(ti) = X0sin
2 (X1iτ)—periodic function. (a) Graphs α(ti): (Blue)—“benchmark” 

→ → 
X , (Red)—restored X ;  (b) Model curves: (Blue)—“benchmark”, (Red)—optimization result at !ð  0Þ = ½ �0:005,0:001 , δX = [0.005,0.001]

Refinement of Variable Order Fractional Derivative of Gerasimov-Caputo… 169

• Let us solve the difference inverse problem (10) by the described algorithm of the 

Levenberg-Marquardt method and restore the values of α tð  Þ= α X 
→ 

= 

α X0, …,XK-1ð Þ∈A according to θ 
→ 
. The (Red) and/or (Green) model curve in 

(Figs. 1, 2, 3, 4, and 5b).



optimization result at X

Fig. 5 Example 5. α(ti) = (X0((N - i)τ/T ))cos2 (X1iτ)—linear-decreasing. (a) Graphs α(ti): 
→ → 

(Blue)—“benchmark” X , (Red)—restored X ;  (b) Model curves: (Blue)—“benchmark”, (Red)— !ð  0Þ  = ½ �0:22,0:0404 , δX = [0.15,0.03]
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Remark 6 Only the most successful results are shown in (Figs. 1, 2, 3, 4, and 5). 
This is due to the fact that during numerical experiments on the selection of 

X 0ð  Þ! 
, δX, c, v a huge amount of data was obtained to analysis the performance of 

the algorithm with fractional equations, many of which led to the method falling 
apart .

To generate θ 
→ 

we will use the data of the “benchmark” solution, to which, 
element by element, we will add a pseudo-random disturbance in the range [-
0.25,0.25] generated on the computer: 

θ tið  Þ= u  tið  Þ þ p  sð  Þ, i= 0::N- 1, s = ± 0:25,

where, p(s)—is the distribution function of the discrete random variable s. This 
method of generating experimental data is implemented in the C programming 
language on the basis of rand()—function for generating pseudo-random numbers, 
standard library <stdlib.h>. 

Calculations for solution direct and inverse problems in test examples were 
carried out on a personal computer purchased for work under the grant of the 
Russian Science Foundation № 23-71-01050 on the theme “Development of a 
software package for modeling and analysis of volumetric activity of radon as a 
precursor of strong earthquakes in Kamchatka”. The personal computer has the



Funding The research was funded by a grant from the Russian Science Foundation, project
number 23-71-01050, which can be found at https://rscf.ru/project/23-71-01050/.

following system characteristics: CPU—AMD Ryzen 97950X, 16 × 4.5 GHz 
(32 Threads); RAM—96 Gb; GPU—GeForce RTX 4090, 24 Gb, 2235 MHz, 
ALU 16384. 
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7 Conclusion 

From the results we can conclude that it is possible to solve the inverse problem for 
an in-homogeneous fractional equation with a differentiation operator of Gerasimov-
Caputo type of variable order. It is shown that with the help of mathematical 
unconditional optimization methods, in particular the iterative Levenberg-Marquardt 
method, having a mathematical model and experimental data of the process, it is 
possible to recover close to optimal values of α(t) the fractional derivative degree, 
including as a function of α(t) from two variables. 

However, the more complex the structure of the experimental data and the type of 
function defining α(t) are, the more difficult it is to choose the parameters controlling 
the solution of the inverse problem of the Levenberg-Marquardt method and the 

starting values of X 0ð  Þ! 
, δX, c, v at which the conditions imposed on the regularization 

parameter γ would be satisfied and method would converge to the optimal solution .
The continuation of this work consists in passing from the solution of inverse 

problems for the in-homogeneous fractional equation to inverse problems for the 
quadratic nonlinear fractional analogue of the Riccati equation. In turn, this will 
allow us to solve various inverse problems for the determination of certain param-
eters of the model equations of the volumetric activity of radon gas on the basis of 
recorded experimental data, which is of practical interest. 
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