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BeepeHue

[TpoGiema uHJEKCA JIjisi KOHEYHO OILpee/IeHHON Ipymibl G cOCTOUT B BOIPOCE O CY-
IIECTBOBAHUM AJTOPATMA, HO3BOJIAIOIIETO 110 JJOOOMY KOHEYHOMY MHOYKECTBY 3JEMEHTOB
hi(i=1,2,...,m) rpynnsl G BBISICHUTH, KOHEUHBII WM GeCKOHEUHBIH WHIEKC B G MMeeT
noarpyuna H = vrp(hy,hy, -+ hy), HOPOXKIEHHAS] STUM MHOXKECTBOM.

B KOHEYHO NMOPOXKIEHHOU IPYIIIE COAEPAKUTCS JIMIIb KOHEYHOEe YUCJI0 HOAPYIIL s
KazKJI0r0 JTaHHOIO KOHEYHOro HHjaeKca. [TosTomy ecau B rpymie G paspentuMbl Ipodaema
BXOXKJICHUsI M 11PODB/IeMa HHIEKCA, TO Oy YUB HH(MOPMAIMIO, YTO UHIEKC HoArpynibl H B
G KOHeueH, NPOCTHIM HepebOpPOM TOAIPYIIN KOHEYHOIO WHIEKCA B KOHEYHOE YHCJIO MIAr0B
MOYKHO 3TOT WHJEKC BBIYUCIUTH TOYHO (JeTajbHOE OCTPOEHHE CM., HApUMep, B pabore
[1], rmasa 1, § 8, cTp. 42-44).

YHacTHBIM CJlydaeM BbIYHC/IEHUS MHIEKCA ABJSIeTCS ONPEIeIeHre HHIEKCA nHUIHOT
HOArPYIIbL IpyHIbl G, T. €. HaxoxKaeHne nopgaaka rpyuibl G. CBoiicTBO «ObITh KOHEYHOMN»
JUISL TPYIIIBI SIBJISIETCS MAPKOBCKUM CBOMCTBOM, U IO3TOMY B KJIaCCe BCEX KOHEUHO OIIPe-
JIEIEHHBIX He CYIIECTBYeT aJlOPHTMa I y3HABAHWA, KOHEUHA WM HeT JaHHad TPYIIa
(Buepsble mokazano B pabore C. Axgna [2]).

Mpumepsbl rpynn c paspewnmoii NnpobsemMoii HOeKca

st KOHKPETHOUW KOHEYHO Olpe/ie/ieHHOi rpyuiibl G BblYMC/IEHUE €€ HOPsIKA He $IB-
JisteTcst MaccoBoil 3amadeit. Ognako, ecaiu G — OeCKOHeYHAs, TO B Heil €CTh MOAIPYIIIIHI
OECKOHEYHOT0 M KOHEYHOTO MHJEKCOB. Takue WHJEKCHI UMEIOT, HAalpUMepP, TPUBHAILHBIE
HOJITPYIIIIBI, HO, BO3MOXKHO, 9YTO B G HaMIyTCS U JIPYTHE TOJATPYIIILI, KaK KOHEUYHOI'0, TaK
1 OGECKOHEYHOT'0 HHIEKCA.

Eciu G — 6eckonedHast MpocTasi KOHETHO OMpeJeleHHas TPYIIa, TO U3 Pa3PerTuMOCTH
B G 1pobJieMbl BXOXKICHHUS CJIEJIYET Pa3pelInMOCTh IpobJeMbl HHACKCA, TaK KaK B TAKOM
IpyIIe BCEro OJIHa MOArPYIITa KOHEYHOTO uHIeKca — cama G.

Ojuako obpaTHas CUTyalus ¢ MPOCTHIMA TPYIIIAMA CYIECTBEHHO CoKHee. Karkaas
cYeTHasl Ipynna u30MOphHO BIOKAMA B JBANOPOKJICHHYIO HPOCTYIO IPYNIY (BIepBbie
nokasano B pabore [3]). B yacTHOCTH, KOHEUHO OIpejieIeHHas TPYIIIA S ¢ Hepa3pernMoi
1po0JIeMOit paBeHCTBa, (a, CJIeJI0BATE/IbHO, U C Hepas3permuMoi 1pobJemoit BXO)K;LeHHH)
TaK »Ke n30MOP(MHO BKJAIBIBAETCSA B HEKOTOPYIO IIPOCTYIO JIBA-TIOPOXK IeHHY0 rpyuny G.
B pa6ore Kysnenosa [4| ycraHOBI€HO, 94TO B KaXKI0i PEKYPCHBHO OMPEIEJICHHON TPOCTOM
Ipylie paspenuMa npobjemMa paBeHCTBA. DTO 3HAYUT, YTO JBALMOPOXK/ICHHAS MPOCTAS
IPyIIa, coaepzKalias TaKyIo S, He TOJbKO He ABJIseTCs KOHETHO OIpeeIEHHOMN, OHA TaKe
HE MOXKeT OBITh PEKYPCHBHO IIPEICTABICHA.

[Ipobaema Bxoxkaenud pakTudecKn 06CyK/1aeTcs B Kypce JTuHeiHoi aarebpol. Kpure-
pHUii COBMECTHOCTH CHUCTEMBI JJUHEHHBIX YpaBHEHU sABJIsgeTCsS pelieHueM Ipo01eMbl BXOXK-
JIEHHST B KOHEYHO MEPHBIX BEKTOPHBIX MPOCTPAHCTBAX. AJITOPUTM, OIMUPAIONTHNACS HA, ITOT
KPUATEPNil, COCTONT B BBIYUCJIEHUN PA3MEPHOCTH JBYX BCIIOMOTATEIBHBIX ITOIIPOCTPAHCTB.
DTa pa3zMepHOCTh HAXOIUTCS C MTOMOIIBIO MOCJIEI0BATETHHOTO N3MEHEHUST TTOPOK TAIOTITHX
MHOKECTB IIOJIIIPOCTPAHCTB.

Jlnsg Haxoxkienus wHjaekca noArpynnsl H B rpynmne G TOYHO TaK K€ MOYKHO U3MEHSATD
nopoxK taroinee MHOXKecTBO iyt H. TTopoxkaroriee MHOZKECTBO MOATPYIIITBI B IOU3MEH -
eTcs ¢ IOMOIIBIO MPeodpPa30BaHuil, AaHAJOTHIHBIX JI€MEHTAPHBIM IPeoOpPa30BAHUAM II0-
POZKIAIONIEr0 MHOXKECTBA HMOAIIPOCTPAHCTBA BEKTOPHOro npocTpaHcTBa. [IpeobpazoBanus
B TpYIIIe CJaeayIOIue:
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Puc. 1. 9T0 IpOCTO MPpUMEP BCTABKH PUCYHKA,

— 3aMeHa 3JIeMeHTa X Ha x_];

— 3aMeHa JIeMeHTa X Ha JeMEeHT Xy , [JIe X # Y;
— yJaJeHne eJIMHUIHOTO 3JeMEeHTA.
Hanpumep, eciu H — moarpynna 6ecKOHEYHON NMUKJIMYeCKoi rpynnbl F| =< a >, u

H =rp(a™,a™,--- ,a"™), tne my,my, - ,my € Z, TO ¢ TOMOITIBIO IEMEHTAPHBIX MPEOO-
Pa30BaHUl MOXKHO HafTH €JMHCTBEHHbIN TOPOZKAatomuil noarpyuibl H, paBubiit a’, rje
s = HOJI(my,my,--- ,my). Innekc paBen gucay s. Takum oOGpa3oM, 3a/ada HAXOXKIEHHs

WHJIEKCa MOATPY Il OECKOHEYHON IINKINYEeCKON TPyl CBOJAWTCS K OTHICKAHUIO HANDOIh-
mero oO0Iero JAejauTes s KOHeYHOTO MHOXKeCTBa e bIX duces. nade ropops, npobiiema
HHJIEKCA JIJIg OECKOHEYHOH IMUKINIeCKOH IPYIIBI aJITOPUTMAYECKH pa3peIrnMa.

Beckoneunas mukgndeckas rpymnmna sBJIgeTcs YaCTHBIM CJIydaeM CBOOOIHON T'PYIIIIHL.
I'pynna < a >= F; — 310 cBoboaHas rpymima padra 1. 3aja4a BRIYUCICHAS WHIEKCA IIPO-
M3BOJIBHOH MTOATPYIILI cCBOOOAHON Tpymnibl F, J000T0 paHra r Tak Ke UMeeT aJropuTMU-
YeCKOe perieHue.

ITycrs H =rtp(hy,hy, -+ ,hy) — KOHETHO TOPOXKIEHHAS MOAIPYIIIA CBOOOAHON IPYIIIIHI
F,. C nomMomnipio nmpeobpa3oBaHuil MOPOKIAIONIEr0 MHOXKECTBA B KOHEUHOE YHCJIO IMAroB
MOXKHO TIOJTYYUTH CBOOOJIHBIE MOPOXKIAIONINE JIJIsT MOArPYINnbl H, 1 TaKuM 00pa3oM Haii-
tu panr H. Takoii crocod nojiydenusi ¢BOOOIHBIX TOPOZKAIOIINX MOAIPY LI CBOOOIHOIM
NpUHATO HasbiBaTh MeTogoM fl. Hunbcena (meranm gokazaresbcrBa cM. Hampumep, [5],
riaBa 1, m. 2, ctp. 16-21).

O. Ilpeiiep, onepupys He TOJBKO MOPOXKJIAIONMIUMHI 3JIEMEHTAMHU IOJAIPYIILI, HO U
HPEJICTABUTEIAME CMEKHBIX KJIACCOB, YCTAHOBUI CBA3b MKy HHICKCOM IMOJITPYIIIIbI CBO-
GOJIHOI TPYTIIBI, PAHTOM TOI MOAIPYTIIBL B PAHIOM UCXOIHOI CBOGOIHOM TPYIIIBI (CM. Ha-
npumep, [5], crp. rrasa 1, m. 3, crp. 33-34). Ecam nonrpynna H panra k umeer KOHEIHBIH
MHJIEKC B CBOOOJIHON HEIMKJIMYECKON IPyIIie paHra r MMeeT, TO STOT WHJIEKC paBeH

k—1
r—1°

C nomompio popmysisl Llpeitepa npobiema wHIEKCA MOAIPYIIBI CBOOOIHON IPYIIILI
CBOINTCS K BBIYUC/IEHHIO pAHTa MOATPYIIILI, KOTOPBI MOXKHO HARTH ¢ IOMOIIBIO METOIA
Husbcena (nogpobuee cm. B pabore Kappaca u Conurapa [6]). Takum o6pasom, npobiaema,
HNHICKCa B CBO6OZLHBIX rpynmnax aJropuTMuI4IeCKu pa3pelinMa.
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Mpumepsbl rpynn ¢ Hepa3spewwnmon npobnemoii nHaekca

[TokazkeMm, 9TO He B KaxKJI0# KOHEUHO OIpeJe/IeHHON rpyIie mpobieMa HHIEKCA, aaro-
PUTMUYECKH PAa3PENImMa.

Teopema 1. B mpgamom mpousBeneHUN ABYX CBOOOTHBIX HEMUKJIHUIECKUX TPYIIT OTUHA-
KOBOT'O paHra mpod/jieMa KOHEYHOCTH WH/IEKCA aJlOPHTMHUYECKH HEpa3perinmMa.

HoxkazaresbcTBo. [Iyctb rpyima G siBjsieTcst HPsiMbIM IIPOU3BEJICHUEM JIBYX CBOOO/IHBIX
rpynn A =< ay,az,- - ,a, > u B=<by,by, -+ b, >, rie m > 2.
PaccMoTpuM npou3BOJILHYIO KOHEYHO OIPEIEJeHHYIO TPYINY R, 3a/aHHyI0 NpeacTaB-
JICHHEM
R=<ry,ra, - riswi(ri), - ,wp(ri) >.

IlycTs umcso s yaoBiIeTBOpsieT HePAaBEHCTBY

k—1
s> —.
“m—1

B rpynne A ectb noarpynnsl Jo00ro KOHEYHOrO MHAEKCA; BbiOepeM B A moarpyiry P
ungekca s. [To dopmyse Illpeiiepa panr noarpymnst P pasen s(m — 1)+ 1, npudaem

sim—1)+1>k.

Eciu panr noarpynmsl P okazkercs ¢cTporo 60Jbiie k, TO mpejcTaBieHne rpynnsl R mo-
HOJTHUM eIlie § — k TIOPOXKTAIOIIIMHI dJIeMEeHTaMHU U IPUPABHIEM 9TH 3JIeMEHTHI K €JINHHIIE.
Bes orpanndenusi oOIIHOCTH MOXKHO CUUTATh, YTO ITO YKe clenano, T. e. s = k. [lycts P
SJIEMEHTBI P1, P2, - , Pk CBODOJHO MOPOXKJIAIOT HOArpyIiy P:

P =< P1;D2, Dk > -

B rpynme B Boibepem noarpynmny Q paunra k, unjaexkca s B B u O ¢CBOOOJHBIME ITOPOZK-
JAIOTIIMU 3JIEMEHTAMU q1,q2," * ,qk:

Q:< q1,92; " 4k > -

[Toarpynna rpymmnsl G, HopozKieHHas noarpynmnaMu P u Q, nzoMopdHa nIpsgMoMy Ipo-
n3BeieHnio P X Q u uMmeeT B rpyline G KOHEYHBIN WHJIEKC.

Pacemorpum reniepb HOpMaJsibHOE 3aMblKaHue 3j1eMeHToB Wi(p;), -+ ,wy(p;) B rpynue
P:
Hy =rp(wi(pi),-,wa(pi); 1915+, Pkqi)-
DJIEMEHTHI i, ¢; JT€KAT B PA3JINIHBIX MPAMbBIX COMHOKHATENAX TPYIIbl G, TO3TOMY OHI
HePEeCTAHOBOYHEL:

riqi = qiri.

DTO 3HAYAT, UTO JJIs JIIOOOrO CJOBA () BHIIOTHACTCS PDABEHCTBO
¢(pigi) = @(pi)9(q:)
H II03TOMY /I JI060ro w;(p;) HIMeeM paBeHCTBO:
o~ (pigi)wi(p)@(pigi) = 0~ (a1)0 ™ (pi)w;(P) @ () @(gr) = @~ (pi)w;(p) @ (pi)-

4
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Orcrona caeyer, uTo noArpynna Ny colep:KuTcd B noirpynne Hi:
Ny CH NP

C apyroit croponst, eciiu @(wy(p;), piqi) TpuHALIEKUT P, TO CyMMa CTelleHell B cJIoBe
¢ 171 KAJKJIOTO ¢; PaBHA HYJIIO, & TO 03HadaeT, 410 @(w;(pi), piqi) € Ni. Taxum o6pazowm,

Ni=H NP

[IpofenaeM aHAJOTHYIHBIE MOCTPOEHUS BO BTOPOM MPSIMOM MHOXKHUTee. Ilycth Ny —
HOPMaJIbHOE 3aMblKAHUE 3/1eMeHTOB W(g;), -+ ,Wp(q;) B rpyune Q:

No =< wi(qi), -+ ,wn(qi) >

H2 = Fp(Wl(ql‘),‘- : ;Wn(‘Ii>7P1‘Z17"‘ >Pk(]k)'

Touno Tak ke, kak u jyig rpyun Hy, N; u P, renepb noJy4daem g rpyun Hy, No u Q:
N, =HrNQ.
Jlnsa moboro j=1,2,---  n umeem:

wi(pigi) = wj(pi)w;(q:),

U, CJIEIOBATETHHO,
|
wilqi) =w; (pi)w;(pigi)-
910 o3uauaer, 9T0 Hy C Hi; O TeM ke cOOOpakeHNsIM BEPHO U 00PATHOE BKIIOUEHME:
H, C H,. I'pynner Hy n Hy coBmnagaioT; 0003HAYMM WX OJIHOWH OyKBOit H:

H=H| =H,.
[Iepecevennsa ¢ moarpynmamu P u Q,
HNP=N ,HNQ =N,.

Ecmu rpynma R — KoHeuHa, To WHIeKCH Ny u Ny B moarpynmnax P u Q KoHeIHBI, HO P
1 Q TOATPYIIIB KOHEUYHOT'O MHIEKCA B NMPAMBIX MHOXKHUTEIIX, U, CJI€JI0BATEIHHO, WHIEKC
[G : H] koHeueH.

Haobopor, ecan nnjgekc H B rpynne G KoHedeH, TO KOHeYeH WHEKC N| B HOATPyIIIe
P, u, cienoarebHO, Tpynna R — KOHeYHA.

Taxum odpazom, podsema uHjekca B rpyiie G 9KBUBAJECHTHA IPpoOIeMe KOHeYHOCTH
B KJIacCe BCEeX KOHEUYHO OIpeJle/IeHHBIX I'pyii, [Ipobiiema KoHedHOCTH HepaspelmmMma, a,
3HAYUT, U HPODJIEMa WH/EKCA JIJIsi KOHEYHO OIPE/Ie/IeHHON I'PYIIIbI TOXKE aJIrOPUTMUYECKU
Hepazpeniuma. [

AstropurMudeckas Hepa3pernmMOCTh MPOOAEMbl 03HAYAET, B YaCTHOCTH, UTO MAITHH-
HOTO pellleHHsI TaKoi 3a/adyu He cylnecTByeT. Hampumep, HUKaKasd TeXHHKA HHKOIJIA He
CMOXKET TI0 eJMHOM IporpaMme Bcerja OJHO3HAYHO OTBEYATh HA BOIPOC, KOHEYEH WJIH
OecKoHeYeH MHIEKC TPOU3BOIBHO 33JaHHOM KOHETHO TOPOXKIACHHON MOAPYIIbI B TPYIIIE

G=F xF=<a,b,c,d;aca” ¢ ada 'd= ", beb= e bdb a7 > .
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OTtmeTnM, BIPOYEM, 9TO B HEKOTOPBIX CJIyYasiXx BBIUUCJIEHWE WHIEKCA TMOATPYIIBI B
KOHEYHO OIpeJleJIeHHONU TPYIe MOYKHO BCe-TaKH BBINOJHHUTBH C MOMOIIBI0 TexHUKHU. Ha-
npuMep, TaKeT CUMBOJIBHBIX Bhiuuciaenuit Maple 18 HHOTIa MO3BOISAET BEIYUCTUTD WHIEKC
HOJIPYIIIbI B KOHEYHO ONPE/ICICHHON IPYIIIe, €CJIU STOT UHIEKC KOHEYEH U HE IIPEBBIITaeT
gucyaa 128000. Ognako ManuHEBIE PE3YIbTATHI, KAK TPABUIO, TPEOYIOT JOMOTHUTETHHON
«py4HOity mpoBepku. [IpuMepsbl TAKOTO po/ia BBIYUCACHUN U PYUHBIX TTPOBEPOK MPEICTAB-
aenbl B paborax [7] — [10].

C. MuxaitnoBoit B pabore [11] nokazano, aro ajis rpymnnsl F, X F, mpobiema BXOXK-
JIeHUsT HepaspernmMa. J1o jokasareabcrBo (§ 2, reopema 1, crp. 242-244 B [11]) serko
nepeHocuTcs u Ha Oojiee obmMil caydail npsiMoro npoussejienus F, X F, 1ByX CBOOOTHBIX
rpynn panra r > 2. TakuMm 0b6pa3zoMm, BO3HUKAET OECKOHEUHAs Cepus KOHEYHO OTpeIe/IeH-
HBIX TPYII, JIJI KOTOPBIX MpobJieMa BXOXKIeHUs U MpobeMa MHeKCa OKa3aIiCh SKBUBA-
JIEHTHBIMH (00€ Hepa3pPelTuMBl).

BameTuM, 9TO B CBOOOIHBIX I'PYIIIAX PA3PEITUMBbI 1 IPODIeMA BXOXK/I€HUsI, 1 TPOD/IeMa
WHJIEKCA, OJTHAKO IIPSAMOe MPOU3BeJeHNe He COXPAHUIO HU TOTO, HU JAPYTOTO.

Crobo1HOE TIPOU3BEIEHNE, B OTANYNE OT MPSIMOT0, PA3PENTUMOCTh TPOOJIEMBI BXOK-
JIEHUs COXpAHSeT: U3 Pa3PelnMOCTH TPOOIeMbl BXOKIEHUS B MHOXKATENISAX A, B ciemyer
Pa3permuMocThb PobIeMbl BXOXKIeHUsI B cBOOOTHOM TipousBeiernn G = A x B (Muxaiinosa,

[12]).

CBsa3b npobnembl nHaEkca n NpodsiemMbl BXOXKOEHUS A5
CBOOOHO Pa3IoXNMbIX Fpynn

Meroyom, Oim3kum K mMerosy Husbcena s cBobouubix rpyuir, JI. MosjiaBanckuit B
pabotre [13| yrounun pesyaprar MuxailoBoii o pemrennu mpoGIeMbl BXOXKIEHUS B CBO-
0O/IHOM MTPOW3BEIEHU.

[Iycts W — HEKOTOpOE MHOXKECTBO CJIOB M3 ¢BOOOHOTO Ipou3Bejienusd G = A xB. Pac-
mEpuM MHOKecTBO W 110 MHOKecTBa WT!| 3aMKHYTOr0 OTHOCHTEIBHO OLeparun obpa-
HIEHUS:

W ={g|geW um g ' e W}.

HauampHblit oTpe3ok saementa g u3 W Ha3bIBAIOT M30MpPOBAaHHBEIM B W, ecim OH He
ABJIAETCS HAYAIBLHBIM OTPE3KOM HHKAKOro japyroro azementa n3 WE! | TTycts W,(X) -
MHOZKECTBO BCeX 9/1eMeHTOB 13 W, IMEIOIHX BIL vy |, riie x € X (X =A unu X = B). [lapy
(v,X) mazpiBator THHOM TpanchopMm u3 W, (X). Cumsosrom S(v,X) 0603HAYNM MHOKECTBO
BCEX JIEMEHTOB U3 Muoxkuresst X, spisonuxcs (I(v) 4+ 1) ciaorom HeKoTOPOro 3jeMenTa
g w3 muoxecrsa (W \ W, (X))*!, npruuem magaabHbIM OTPE3KOM 3/1€MEHTa g AB/IAETCA V, T.
e. Hecokparumas dhopma g uMeer BUI: g = vsz, riae s € S(v,X).

Crenys 9], nazoBeM MHOXKecTBO 1eMeHTOB W M3 CBOOOHOTO TTPOU3BEACHUS HUIHCE-
HOBCKHM MHOXKECTBOM, €CJIU:

— GOJIBIION HAYAIBLHBIH OTPE30K Kazk10ro saementa u3 WE! usommposan B W;

~ JleBas NOJIOBHHA KasKIOr0 3/1eMenTa Yernoi jainms u3 W1 usomuposana B W;

— st Kazkoro tuna (v,X) muaoxKecTBO S(v,X) He COMEPKUT 7€MEHTOB U3 IMOArPYI-
b1 v rp(W, (X))v, a MHOecTBO S(v,X) COCTOUT M3 MpecTaBUTe el PA3THTHBIX TPABhIX
CMEZKHBIX KTacCOB IPYIIL oarpymme v rp (W, (X))v.

— JleBas MOJIOBHHA Kaxka0ro ajementa u3 WE! ne smisiomerocs rpancdopmoil, n3o-
gupoBana B W;
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Kak wu jursa cBobojubix rpymi, mpeodpa3oBanus Huibcena muoxkecrsa M 3,ieMEHTOB
cBOOOTHOTO TIpou3BejieHus G 3TO:

— 3aMeHa HEKOTOPOTo djeMenTa X n3 M smemenTom x|,

— 3aMeHa HEKOTOPOTO dJeMeHTa X daeMeHToM xyE(rme y € M,y # x,€ = +1).

— BbIOpachIBaHHE €IUHHIILI.

Nupyknueit mo cyMMapHO#l [JIMHE BCEX CJIOB MHOKecTBAa W yCTaHABIMBAETCSH, 9TO C
HOMOIIIBIO KOHEYHOM II0C/I€/I0BATEIbHOCTH MIPpeodpa30oBaHuil J1I000e KOHEYHOE MHOXKECTBO
W MOXKHO TPeBpPaTUTh B HUJIbCEHOBCKOE MHOYKECTBO, IPUYIeM MPOIeaypa Tpeodpa3oBaHuit
3 deKkTHBHA, eCIu B CBOOOIHBIX MHOXKHUTEIAX paspelnnMa mpodaemMa BxoxkaeHus. CBoii-
CTBa HUJIbCEHOBCKOI'O MHOYKECTBA O3HAYAIOT, UYTO TI0/Iy YeHHBIE TIOPOK/IAIOIIHE TOATPY b
H BJISAIOTCST TOPOK JAONMME pasnoxkenus: Kyporma- Makseiina stoii moarpynmsr (Mou-
nasanckuit [13] u [14]).

Taxum obpazom:

— ecJid B rpynnax A m B paszpemiuMa npod/eMbl BXOXKJIEHHUs, TO cyliecTByeT dddek-
TUBHAS TPOIEIYPa Mepexoia, mepeBoidiee Jiod0e MHOXKECTBO d1eMenToB W rpynnsl G B
HUJIbCEHOBCKOE MHOZKECTBO W

— U3 Pa3pemuMOCTH TPobaeMbl BXOXKIEHUs B Ipylnax A u B cienyer pa3penmMocThb
npobjieMbl BXOxKienust B rpymie G;

— ecau W) — HWJIBCEHOBCKOE MHOYKECTBO MOPOKIAIONINX /s MOArPYNIbl H TPYIIBI
G, To H sBnsgeTcs cBOOOTHBIM MPOU3BEIEHUEM IPYII, MOPOXKIEHHBIX TpaHchopMaMu O
HOT'O THIIA, ¥ OECKOHEYHBIX MUK/JIMIECKUX TPYIII, TMOPOXKJICHHBIX djeMenTamu u3 Wi, He
SIBJITIONUXCST TPAaHCHOPMAMU, TPUYEM 3TO pa3jiokenue s H ABIsSeTca pa3/ioKeHneM
Kypoma-Maxkeiina.

Teopema 2. Ecau B rpyunax A, B paspeninMa 1npo0JieMa BXOXK/IeHHsI, TO B CBOOOHOM
npoussejiennn G = A x B pazperniuma mpodJieMa HHIAEKCA.

JokazaTeabeTBO.

ITycts W — HekOoTOpOe KOHEYHOe MHOYKeCTBO 3JeMeHTOB u3 rpynnbl G, u H — 1oj-
rpymmna, nopoxjaennas Muoxkecrsom W. Tak Kak cyimmecrByeT 3¢ deKTUBHaA MPOIEypa,
HePeBOLIIAdA KazK/J10e KOHeUHOe MHOYKECTBO B HHJIbCEHOBCKOE, MOYKHO CUHTATD, UTO yIKe
W gBlseTCS HUIHCEHOBCKUM MHOYKECTBOM.

[Iycth viAivi_l ,i=1,2,--- m, u ijjwlfl, j=1,2,--- ,n — MOATPYIIBI, TOPOKJTEHHbBIE
tunamu Tpanchopm (vi,A;) u (w i»B j) COOTBETCTBEHHO, a F — ¢BOOOIHAS IPYIIIA, MTOPOZK-
JeHHas dtementamu w3 W, He sBistiommumucs TpancdopmamMu. Torjaa coriacHO TeopeMe
Kypora o moarpynnax ¢cBoOOHOTO TPOU3BEACHUS MOJATPYIILY CYIIECTBYIOT TaKue CUCTe-
MBI IpeJICTaBUTeel TBOMHBIX CMeXKHBIX KaaccoB sa(HgA) u sg(HgB), 1to

—sa(HA) =sp(HB) = 1;

— ecim HgA # HA, 1o sx(HgA) 3akamuuBaercss B-ciorom, m ecau HgB # HB, 10
sa(HgB) 3akanuuBaercs A- cJIOroMm;

— rpyuna H sgBsgercsd ¢cBOOOIHBIM HPOU3BEICHUEM;

H=Fx [] *sX(HgX)X[sX(HgX)_l}ﬂH,
Xe{A,B},geG

rae F — ¢cBoboanag rpynma, He COAEPKAIIAA HE OJHOrO COUPAXKeHnd 13 rpynn A, B.

B paGore [1] nokazano, uro eciiu G — HETPUBHAJIBHOE CBODOHOE MPOU3BeIeHue A * B,
n H — komeuno paszaoxkumas moarpymnmna B G, To mugekc pasnoxkenus [G : (H,A)] 1o
JBOITHOMY MOJIyJII0 KOHEYeH TOIJIa W TOJBKO TOria, Korja uuigekc |G : H| xoneden (|1],
riasa 1, § 2, ctp. 15 — 17).
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PaCCMOTpI/IM pa3JIOZKEeHUE Ipy bl G 1o JBOWHOMY MO/JIYJIIO0
G:Hg1A+Hg2A+"'

Eci MHOXKeCTBO {g, g2, -+ } 06pa3yer MOJHYIO CUCTEMY MpeICTaBUTe ] TS PA3JIOKe-
nusgs G mod (H,A), TO B 9TOM MHOXKECTBe HARIETCS TAKOE HOIMHOKECTBO {Qeys - ;8ay, }s
gyro g i = 1,2,---.m

8o, =vi mod (H,A).

Kpowme Toro, misg kaxaoro snementa g u3 G, ecau g cpapauMm no  mod (H,A) ¢ Heko-
TOPBIM 3JIEMEHTOM M3 PA3HOCTH

Y:{g7827”'}\{g0517"' 7g06m}7

10 nepecedenne HNgAg™! paBHO eHHIIHOlN TOArpYIIIe.

Ananornvunoe yTBepKIeHUE BBIIOTHSICTCS U I TOATPYHIBI B.

Jlasee paccCMOTPUM TPHU CJIyUasd.

Cuyaait 1. Ob6a cBobomaHbIX MHOXKUTEIST A U B siBjigseTCst O@CKOHETHBIMEI DY HHAMHE.

[TycTs panr cBOGOAHOMN TPy Ll F' B pa3I0oyKeHWH JIs MOATPY bl H OKa3aJics paBHBIM
r. Hucno r, a Takxke ducia m,n 3pGeKTUBHO BHIYUCIUMBI. OO03HAYNM

k=m+n+r—1.

[Ipu dpukcupoBanroM paziiokeHnn G = A x B 9uC/I0 k sBJIsieTCS NHBAPUAHTOM BCEBO3-
MOXKHBIX pazjoxkenuit Kypoma mrsa nogrpymnnest H. B gactHoCTH, eciiu

H=F *H*H\,,
v

— pazyiozkenne Maxkmeitna jajs rpynnsl H, TO paHr noarpynimsl F| ToxKe paBeH r.

B pabore Kyna [15] ycranoBiaeno, 9to pasioxkenune MaxieiiHa ob1agaeT cyieryonum
CBOMCTBOM: ecJjin 1nojrpyiina H umeer KOHeUHbI WH/EKC B CBOOOHOM LIpOU3BejieHnu A * B,
TO panr ¢Bobouoit wactu Fy ang pasnoxenus H paBen

[G:H|—[G:(H,A)]—[G:(H,B)|+1.

SameruM Tenephb, 9TO B PACCMATPUBAEMOM CJy4ae u3 KOHedHocTn uujekca H B G
caenyer, uro [G: (H,A)]=m, a [G: (H,B)] = n.

[Ipeanonoxum, aro [G: (H,A)] > m. Torma MHOXKeCTBO Y He IycTO, CJIeI0BATEBHO,
HailmeTcs Takoit seMenT g u3 G, uro nepecedenne H NgAg~! eaunnano.

W3 Toro, uto rpynmna A 6ecKoHeUHA, caeayeT OeCKOHeUHOCTh NHAEKCA MOArpynnbl H B
rpyume G.

Touno Takme ke paccyKJIAeHHS MOAXOMAT U JJIA MOArPYITbI B.

OTtmMeTHuM elre, 9TO MOXKHO CUUTATh, 94TO kK > 0. /leiicTBUTEILHO, €CJIM OKA3aI0Ch, YTO
k=0, To H gaBnsercsa 6€CKOHeYHON IMUKINIECKO IPYIIION WIu MOArPYIIION U3 colpszKe-
HUsT MHOXKUTEJISA, U, CIeJ0BaTe/IbHO, nHAeKC H B G GeCKOHeYeH.

Pacemorpum muoxkecTBo R noprpyn rpynnbt G unjgekca k B G,

R=K<G|[G:K] =k

MuozxkecTBo R KOHETHO, 1 MOKHO 3(PMEKTUBHO HANTH MHOYKECTBA CHCTEM ITOPOZKIAI0-
mux s noarpynn u3 R. V3 pazpenmmoctu mpobieMbl BXOXKAeHust B rpynie G ciejyer
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pa3permmuMocTh Tpob/IeMbl BXOZKICHHUS TPOU3BOJIHHON KOHEYHO TOPOKACHHO MOAIPYIITHI
P w3 G B muHOxkecTBO R. Temeps ecin H uMeeT KOHEUHBIA MHIAEKC B G, TO BBIIOJIHAETCS
PaBEHCTBO

r=[G:Hl—-m—n+1,

T. e. H npunaginexur R. pyrumu ciopamu, noarpynna H uMeer KoHedHbI nHaeke B G
TOTJIA U TOJBKO TOTAA, Koraa H jgexxut R. DTuM 3aKaHIMBAETCS PACCMOTPEHHe Caydas 1.
Cuyuait 2. I'pynna G gBjsieTcss CBOOOIHBIM MPOU3BeeHeM A x B KOHeUHOH rpymimsl A
u 6eCKOHEYHOU rpymnnsl B.
PaccMoTpuM HOpMaIbHOEe 3aMblKanne B cBoboanoro Muoxkurens B B rpymne G. Iox-
rpynmna B aBigerca cBOGOIHBIM TPOU3BEIEHIEM COMPIAYKeHNIT HOATPYIIIEL ¢ TTOMOIITBIO 3716~

MEHTOB W3 A,
B= H *xB“,
acA

T. €. — 9T0 cBODOOIHOE IIPOU3BEICHUE

B =Bx H *B“,
acA\{1}

rje 06a MHOXKHTEsT — OECKOHEUHbIE TPYIIIILI.

O6ozuaunm vepe3 R moarpynmy rpymnmsl G, MOpPoXKIeHHYIO nogrpynmnavu H u B | a
oykBoit D oboznauum mnepecedenue BN H. Iloarpynma R uMmeer KoHeuHbl#l wHaekCc B G,
a TaK Kak B rpymme G paspelnuma IpobJieMa BXOXKICHHS, TOPOXKIAIONIUe I R MOXKHO

s derTuBHO HaiiTu. Kpome Toro, MoxkuHO 3 heKTHBHO HANTH MHOZKECTBO F,F), -+ , g, SIB-
JISTOIIEECsI MOJIHOM cUCTeMOM TIpejicTaBuTe el MpaBblX CMEXKHbBIX KJaccoB i R mod B.
ITepeceuennss HNDrj,i=1,--- 5 He MyCTHI; U €CJIM BbIOPaHa CUCTEMA 3JIEMEHTOB h;, - - , kg

10 OJTHOMY U3 KayKJIOT0 MHOYKECTBA, TO 3TO MHOYKECTBO 00Pa3yeT MOJHYIO CUCTEMY TPe/I-
craBuTeseit mpaBocToponnero pasjoxenuss H mod D. CHoBa u3 paspemuMocTu npobJie-
MBI BXOXKJeHHUs B rpynne G cieayer cymecTBoBanue 3peKTUBHON Mponeayphbl s Ha-
XOXKJ/IeHUsT MHOXKecTBa hj, -+, h.

Tenepb MOXKHO HAWTH TMOPOKTAIONINE TeMEHTH 14 moArpynnbl D. Tak Kak WHIEKC
noarpynnsl B B rpynne G KoHeueH, noJrpynna H uMeeT KoHeuHblil uHjekc B G TorJa u
TOJILKO TOrJa, Koraa D nMeeT KOHeIHEIH uHaeke B B. Takum o6pasoM, caydaii 2 cBOAUTCA
K ciaydato 1.

Cayuaii 3. I'pynna G — ¢Bo60o1HOE TPOU3BEIeHAe HeeIUHHIHBIX KOHEUHBIX IPYIIT A U
B.

Pacemorpum K = [A, B, B3auMubiil KommyTanT A u B. Tak ke, Kak B caydae 2 MOZKHO
HaliTu mopoxkaatotiue nepecedennss D = HNK.

Taxum obpazom, eciu panr rpyunbl D 00Jibllie €UHHUITHI, CBECTH PACCMATPUBAEMYIO
cutyanuio K ciaydaio 1. Eciam ke panr D pasen egunune, To G sBjsiercsds OECKOHEYHOM
IPYIIOH TUyapa, B KOTOpoil moarpynna H mMeeT KOHEUHBIH WHIEKC TOTIA U TOJIBKO TOT/IA,
Koria nopsiiok H Oosibire aByx.

l

WTak, nas pa3penuMocTi TpobaeMbl HHIEKCA B CBOOOJHOM ITPOU3BeJIeHun A x B 1mo-
CTATOYHO Pa3PeIImMOCTU TPOD/IeMbl BXOXKIeHU B Ipynnax A u B.

[TokazkeM, 9TO 9TO JOCTATOYHOE YCJIOBUE SBJIACTCA HEOOXOTUMBIM.

Teopema 3. Fcam B HerpuBmajibHOM CBOOOIHOM IIpou3BeeHuu A x B pazperninma mpo-
OsieMa MHJIEKCA, TO B CBODOHBIX MHOXKHTE/IAX A, B paspemnma npobjiemMa BXOXKJICHUS.
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HoxkazareabcTBo. [Tokaxkem, 9T0 U3 PaspernmMocTi MpodJIeMbl HHAEKCA B TpyTine A x B
cJaelyeT Pas3peluMocThb IPo0IeMbl BXOXKICHUS B I'PyIIIe A.

ITyctb A - Tpon3BOIbHAS KOHEYHO MMOPOKIEHHAS MTOAIPYIIIa IPYIINbLI A, & X — NPOU3-
BOJILHBIH 971eMeHT u3 rpynibl A. C MOMOIIBIO aJIrOPUTMa, PEITaIiero mpodaIeMy HHIeK a
B rpynne G, BBISCHUM, TPUHAIIEKAT JJEMEHT X MoArpymnmne A; uam HeT. BospMmewm by —
HeeTMHIIHBIA 3/1eMeHT U3 MOATPYHIbl B. AJITOPUTM, PEIIaonii IpodIeMy BXOXKIEHUS B
rpyiie A Oyjier 3aBucerb OT TOI'O, paBeH HOPSI0K HOArpYyIbl B aByM uin Her.

Cayuaii 1. [lopgmok rpynusl B 6oibiire 1ByX. B rpynne G paccMOTpHM OATPYIITY

H, =rp(A;,B",Ab0).

[Tokazkem, uTo moarpymnna H; mMeeT KOHeUYHBIHT MHAEKC B Trpymnne G Toraa m TOJIb-
KO TOIJa, KOTJa X MPUHAIIC)KUT Aj. DT0 u OyIeT o3HAYATH Pa3peIIuMOCTh IPOOIeMBI
BXOXK/ICHUST JIJIsl TPYIIIbI A.

Ecau x npunamiexkur A, To H) uMeer KoHeuHbIil (paBHBIH equHuie) uHjgekc B G.
[Ipeanonoxkum, aro x ¢ A; Torma H| pasnaraercst B CBOOGOIHOE MPOU3BEICHIE

Hy = Ay % B x AP0,

[Iycth b — HeeIUHWYHBINA 37eMeHT u3 B, oTmudHbIil oT bo. Torma moarpymnma, mOpoxK-
JIeHHas noarpynmnaMu Hy u Ay, sSIBJIsgeTcsd UX CBOOOJIHBIM ITPOU3BEICHUEM,

rp(Hy,A?) = Hy xA?

U, CJIeJIOBATeIhHO, UMeeT OECKOHeUHBI WHIAeKC B Tpymme G. DTUM 3aKaHIYNBAETCS
paccMOTpeHHe caydasd, KOTa MOPsI0K OOJIbIIe JIBYX.
Cuayaait 2. Tlopsnok B pasen asym. Torma B rpymnme G BO3bMeM MOATPYIIITY

Hy = Fp(Al 7AXb07aabAa80)7

r7e ag — HeeIJMHUIHBIN d1eMeHT u3 rpynnsl A. lloarpynna H, coepKuTcsd B HOpMAJIbHOM
3aMBIKAHUM MHOXKUTeJd A B rpynie G; mpudeM

A=Axby'Aby.

TakuM 00pa3oM, TPYIIa A MoMagaeT B yeJoBHA mpeaplaymiero caydad. Ceitqac poinb
rpynmbl B UCHOJHIET TPYyIna AP a ponb smemenTa by — d7T€MEHT aoo. [Toarpymma H) B
rpylilie MoCTpoeHa aHaJoruduo noirpynmne Hy B rpyuie A x B. [losromy cHOBa 3j1€MeHT X
MPUHAIIEKUT MOATPYITe Aj TOTIa U TOJABKO TOT/a, Koraa Hy mMeeT KOHEUHBIH WHIEKC B
A | 1, clel0BaTeIbHO, U KOHeYHBIH nHaekc B rpynme G. TeopeMma 3 qokaszaHa.

U

W3 Teopembl 2 1 3 caeayeT, 9TO 0 KazKI0# ¢cBOOOIHO pa3aI0zKUMOM IPYIIIBI IpobieMa
HHIEKCA pa3peluMa TOTIa U TOJbKO TOrAa, KOT/a B 9TOH IpYIIe pa3pelnrnMa mpodbaemMa
BXOXKJICHUS.

3aMeTuM, YTO JJjIsd IKBHUBAJCHTHOCTH HPOOJeMBbl MHJIEKCA W HPOOJIeMbl BXOXKICHUS
IpyIme BOBce He 00g3aTeNbHO OBITH CBOOOIHO pa3aoxKuMoit. O4UeBHIHO, YTO CBOOOIHOE
MPOU3BEJIeHNe ¢ O0'beINHEHHO KOHEYHONH HOPMAaJIbHON MOJArPYIION MJIU IIPAMOE HPOU3-
BejleHne CBOOOIHOTO ITPOM3BEIeHNe U KOHETHOH T'PYIITBI TOXKe 001aa0T 3TUM CBOWCTBOM.

10
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3aknryeHue

B paccMOTpeHHBIX 6€CKOHEUHBIX CepHUsaX IPYII IpobaeMa HHIeKca U MpobIeMa BXOK-
AeHUd OKa3aJIUChb PABHOCUJIbHBIMU. BO3MO}KHO, YUTO 9Ta CBA3b MEZKAY ABYMA aJI'OPUTMU-
YeCKUMHU HpO6JI€MaMI/I BBITIOJIHAETCA JTJId BCEX KOHCYHO OIIPpeACeJICHHBIX TI'DYIIIL.

BOIIPOC 1. Bepno Jiu, 4T0 B KJ1acce KOHEYHO OIPeIeeHHBIX IPYIII IIPodIeMa BXOXK-
JeHusl SKBUBAJIEHTHA IIpobJieMe MHIeKca?

BaMeTuM, UTO I/ PA3PENIIMOCTH IPOOIeMbI HHIeKCa B A * B He ToTpeboBaJIach paspe-
HIIMOCTH IIPO0JIeMbI UHjIeKca B rpynmnax A u B. ITosromy eciin Ob1 pa3pemumMocTs mpobJie-
MBI UH/IEKCA B MHOKUTEIAX OKa3a/1ach HEOOXOIMMbIM YCJIOBHEM Pa3pPEITUMOCTH TPOOIeMbI
HHJEKCa B CBOOOJTHOM MPOU3BEJIEHHH, TO /s JTF000# KOHETHO OIIPeJIe/IeHHOM I'PYIIIBI U3
Pa3peIImMOCTH TpobIeMbl HHIEKCA, CIe0Baa Obl PA3PEIIIMOCTh TPOOIeMbl BXOXK T€HUSI.

C apyroit cTOpOHBI, ec/i Obl Pa3peluMOCThb IIPOOIEeMbI HHIEKCA ObLIA JTOCTATOYHBIM
YCJOBHEM PA3PEITUMOCTH ITPOOIEeMbl HHIAEKCA B CBODOIHOM HMPOU3BEICHUH, TO U3 Pa3pe-
MMAMOCTH IPOOIEMbI HHIEKCA CAEI0BAIA OBl PA3PEITHMOCTh IPOOJIEMbI BXOXK ICHHUS.

Takum o6pa3oM, BOMPOC, HE IKBHBAJEHTHA JIM MPoOIeMa BXOXKIEHUsS TpobJieMe MH-
JIeKCa, MOYKHO ¢OPMYJTHPOBATH B BHJIE ABYX CJIEIYIOIINX BOIIPOCOB.

BOIIPOC 2. Bepno Ju, 94T0 U3 pa3penrmMocTd IpobieMbl HHIEKCA B CBOOOIHOM IIPO-
U3BEJIEHUH CJIEIYeT Pa3PEelImMOCTb MPOOJIEMbl HHIECKCA B CBOOOJHBIX MHOXKHTEISIX 7

BOIIPOC 3. BepHo i, 9T0 U3 pa3spemuMoCcTH mpodaeMbl HHAEKCA B CBOOOIHBIX MHO-
JKATESIX CIeIyeT Pa3permMOCcTh TPo0IeMbl HHIEKCA B CBOOOIHOM HPOU3BEICHUN !
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