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CERTAIN PROPERTIES OF FRACTIONAL
INTEGRO-DIFFERENTIATION OPERATOR OF

FUNCTIONS IN OTHER FEATURES
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Prove an important lemma for the operator of fractional integro-differentiation of
functions of other functions.
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were a , b and l are any real numbers, n is the integer part of l; Γ(x) – gamma-function;
F [. . . ] is the Gaussian hypergeometric function [1].

Lemma 1. Let ϕ (x) ∈ L(0,1), l1 + l3 < 0, l3 < 0. Than almost everywhere at (0,1),
the following relation holds
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2
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x
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Here l1, l3 – are the given real numbers;
Proof. Consider the case when l1 < 0, l3 < 0. Due to the definition (1) we have
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After some transformations from (4), we obtain

I = Dl1
0x2Dl3

0xφ
(√

x
)
=
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Γ(−l1)Γ(−l3)

x∫
0
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0
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φ (
√

y)d
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Changing the integration order, from (5) we find
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x∫
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φ(y)d
√

y
x∫

y

(x− t)−l1−1(
√
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Changing t = xz from (6) we obtain
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(
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where

K (σ) =
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0

K1
(√
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)

K2 (z)dz, (8)

K1 (z) = (z−1)−l3−1
+ , K2 (z) = (1− z)−l1−1

+ , (9)

σ =
x
y
, zl

+ =

{
0, z≤ 0
zl, z > 0

.

To calculate the integral (8), Mellin transform is used а [1]

f ∗ (s) = M { f (x) ;s}=
∞∫

0

f (x)xs−1dx. (10)

Then, considering the relation [3]

M

xδ1

∞∫
0

ξ
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= g∗1 (s+δ1)g∗2 (1−δ1 +δ2− s) , (11)

we obtain
M {K (σ) ;s}= K∗(s)K∗1 (s)K∗2 (1− s) . (12)

Further, in virtue of the formula [3]

M
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}
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]
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p
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(
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p

)
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find

K1 ∗ (s) = 2Γ(−l3)Γ
[

1+ l3−2s
1−2s

]
, Rel3 < 0, 2Res < 1+ l3, (16)

and

K2 ∗ (s) = Γ(−l1)Γ
[

s
s− l1

]
, Rel1 < 0, Res > 0, (17)

Substituting (16), (17) into (12) we obtain

K ∗ (s) = 2Γ(−l1)Γ(−l3)Γ
[

1+ l3−2s 1− s
1−2s 1− l1− s

]
, (18)

Rel1 < 0, Rel3 < 0, 2Res < 1+ l3, Res < 1.

Hence, applying the formula [2]

Γ(2a) = 22a−1√
πΓ(a)Γ(a+1/2) , (19)

from (18) we have

K ∗ (s) = 2l3+1
Γ(−l1)Γ(−l3)Γ

[ 1+l3
2 − s 2+l3

2 − s
1− l1− s 1

2 − s

]
, (20)

Rel1 < 0, Rel3 < 0, 2Res < 1+ l3, 2Res < 2+ l3.

In virtue of the formula [3]

M
{
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+ F (a,b,c;1− x) ;s
}
= Γ(c)Γ

[
1+a− c− γ− s, 1+b− c− s
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]
, (21)

Rec > 0, Res < 1+Re(a− c) , 1+Re(b− c) .

M {xp f (x);s}= f ∗ (s+ p), (22)

F(a,b,c;z) = (1− z)−aF(a,c−b,c;
z

z−1
), (23)

from (20) we obtain

K(σ) =
2l3+1Γ(−l1)Γ(−l3)

Γ(−l1− l3)
xl1+

1+l3
2 y

l3+1
2 (x− y)−l1−l3−1

+ × (24)

×F(−1+ l3
2

,−l1−
l3
2
,−l1− l3;

x− y
x

).

Substituting (24) into (7) and after some transforms we obtain the equality (3).
The similar proof is for the case when 0 < l1 <−l3. �
Lemma 2. If the conditions:

1)ϕ (x) ∈ L(0,1) ,2)l1 + l3 < 0, l3 < 0, l2 >−l1,

hold, almost everywhere at (0.1) the following formula is valid

Dl1
0x2

(
x2)l2 Dl3

0xφ (x) =

(
x2)l2−l1

2l3

x∫
0

y−l3−1G30
33

(
y2

x2

∣∣∣∣ 1+ l2− l1, 1, 1
2

3+l3
2 , 2+l3

2 , 1+ l2

)
φ (y)dy. (25)
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Proof. To prove it, consider the case when l1 < 0, l3 < 0.
Then due to the definition (1) we have

Dl1
0x2

(
x2)l2 Dl3

0xφ (x) =
1

Γ(−l1)Γ(−l3)

x∫
0

(x2− t2)−l1−1(t2)l2dt2
t∫

0

(t− y)−l3−1
φ (y)dy. (26)

After some transforms from (26) we find

I = Dl1
0xxl2Dl3

0
√

xφ(
√

x) = (27)

=
1

Γ(−l1)Γ(−l3)

x∫
0

(x− t)−l1−1t l2dt
t∫

0

(
√

t−√y)−l3−1
φ (
√

y)d
√

y.

Changing the integration order, we obtain

I =
1

Γ(−l1)Γ(−l3)

x∫
0

φ (
√

y)d
√

y
t∫

y

(x− t)−l1−1t l2(
√

t−√y)−l3−1dt. (28)

Assuming t = xz, from (28) we find

I =
1

Γ(−l1)Γ(−l3)

x∫
0

y−l1−l2−
l3+1

2 Q(σ)d
√

y. (29)

where

Q(σ) = σ
l2−l3

∞∫
0

zl2 f1(
√

σz) f2(z)dz, (30)

f1(z) = (z−1)−l3−1
+ ; f2(z) = (1− z)−l1−1

+ , (31)

σ =
x
y

; zl
+ =

{
0, z≤ 0
zl, z > 0

.

Applying the formula (11) from (30) we obtain

M{Q(σ);s}= f1 ∗ (s) f2 ∗ (1+ l2− s), (32)

Further, in virtue of the formula (13), (14), (15) we find

f1 ∗ (s) = 2Γ(−l3)Γ
[

1+ l3−2s
1−2s

]
, Rel3 < 0, 2Res < 1+ l3, (33)

f2 ∗ (s) = Γ(−l1)Γ
[

s
s− l1

]
, Rel1 < 0, Res > 0, (34)

Substituting (33), (34) into (32), we obtain

Q∗ (s) = 2Γ(−l1)Γ(−l3)Γ
[

1+ l3−2s 1+ l2− s
1−2s 1+ l2− l1− s

]
, (35)
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Rel1 < 0, Rel3 < 0, 2Res < 1+ l3, Res < 1+ l2.

On the basis of the formula (19) (35), we have

Q∗ (s) = 2l3+1
Γ(−l1)Γ(−l3)Γ

[ 1+l3
2 − s 2+l3

2 − s 1+ l3− s
1
2 − s 1− s 1+ l3− l1− s

]
, (36)

Rel1 < 0, Rel3 < 0, 2Res < 1+ l3, 2Res < 2+ l3, Res < 1+ l2.

In virtue of the formula [2]

M
{

Gm′n′
p′q′

(
z
∣∣∣∣ a1,a2, ...ap′

b1,b2, ...bq′

)
;s
}
=

= Γ

[
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s+an′+1, s+an′+2, ...s+ap′, 1−bm′+1− s, 1−bm′2− s, ...1−bq′− s

]
(37)

− min
1≤k′≤m′

Rebk′ < Res < 1− max
1≤ j≤n′

Rea j, p′ = q′ ≥ 1, m′+n′ = p′,
n′

∑
j=1

(a j−b j)> 0

from (35) we obtain

Q(σ) = 2l3 1
Γ(−l1)Γ(−l3)

G30
33

(
y
x

∣∣∣∣ −1+l3
2 , − l1

2 , −l2
l1 − l2, 0, −1

2

)
. (38)

Substituting (35) into (29) and after some transforms, we obtain the equality (25). �
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