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Ñâîéñòâàì óäàðíûõ âîëí â íåëèíåéíî óïðóãèõ ñðåäàõ ïîñâÿùåíî áîëüøîå ÷èñëî èñ-
ñëåäîâàíèé [1�3]. Èç íèõ õîðîøî èçâåñòíî, ÷òî â îáùåì ñëó÷àå ìåõàíèçì îáðàçîâàíèÿ è
ïîñëåäóþùåãî äâèæåíèÿ ïîâåðõíîñòåé ñèëüíûõ ðàçðûâîâ çàâèñèò îò ñâîéñòâ óïðóãîé ñðå-
äû, îò íàëè÷èÿ â íåé ïðåäâàðèòåëüíûõ äåôîðìàöèé, îò èíòåíñèâíîñòè ðàçðûâà, à òàêæå
îò ïîñëåóäàðíîãî âîçäåéñòâèÿ íà ãðàíèöå [1�3]. Ñêîðîñòè óäàðíûõ âîëí è ãåîìåòðèÿ ýòèõ
ïîâåðõíîñòåé çà èñêëþ÷åíèåì ïðîñòåéøèõ êðàåâûõ çàäà÷ òîæå âõîäÿò â ÷èñëî íåèçâåñò-
íûõ âåëè÷èí, ïîýòîìó ðÿä êðàåâûõ óñëîâèé ñòàâèòñÿ íà ïîâåðõíîñòÿõ ñ çàðàíåå íåèçâåñò-
íûì ïîëîæåíèåì. Íàêîíåö, ïî ñâîåìó òèïó óäàðíûå âîëíû â òâåðäîì òåëå ïåðåñòàþò áûòü
÷èñòî ïðîäîëüíûìè èëè ïîïåðå÷íûìè è ïðèîáðåòàþò ñìåøàííûé õàðàêòåð [2, 3].

Â êà÷åñòâå òåîðåòè÷åñêîãî ìåòîäà èññëåäîâàíèÿ îáîáùåííûõ ðåøåíèé äëÿ çàäà÷ äè-
íàìèêè ñ ïîâåðõíîñòÿìè ðàçðûâîâ äåôîðìàöèé íåîáõîäèìî â ïåðâóþ î÷åðåäü óêàçàòü
ìåòîä ìàëîãî ïàðàìåòðà. Â ÷àñòíîñòè, òàêîé åãî âàðèàíò, êàê ìåòîä ñðàùèâàåìûõ àñèìï-
òîòè÷åñêèõ ðàçëîæåíèé [4]. Àíàëèç îñíîâíîãî, âíåøíåãî ðàçëîæåíèÿ ïîçâîëÿåò óêàçàòü
òå ïðîñòðàíñòâåííî-âðåìåííûå îáëàñòè, ãäå íåëèíåéíîñòü ÿâëÿåòñÿ äîìèíèðóþùèì ôàê-
òîðîì. Îäíîâðåìåííî äëÿ ýòèõ îáëàñòåé îêàçûâàåòñÿ âîçìîæíûì îïðåäåëèòü íåëèíåéíîå
ýâîëþöèîííîå óðàâíåíèå, áîëåå ïðîñòîå, ÷åì èñõîäíûå óðàâíåíèÿ çàäà÷è, íî ñîõðàíÿþùåå
îñíîâíûå ñâîéñòâà íåëèíåéíîãî âîëíîâîãî ïðîöåññà. Òàêîå óðàâíåíèå âîçíèêàåò ïðè èçó÷å-
íèè ïëîñêèõ îäíîìåðíûõ âîëíîâûõ ïðîöåññîâ â íåëèíåéíî óïðóãèõ ñðåäàõ íà äîñòàòî÷íî
áîëüøèõ ðàññòîÿíèÿõ îò íàãðóæàåìîé ãðàíèöû [5�6]. Äëÿ ìàññèâîâ áîëüøîé ïðîòÿæåííî-
ñòè äîïîëíèòåëüíûì ôàêòîðîì, âëèÿþùèì íà âîëíîâîé äåôîðìàöèîííûé ïðîöåññ, ìîæåò
ñòàòü íåîäíîðîäíîñòü ñâîéñòâ ñðåäû â íàïðàâëåíèè äâèæåíèÿ óäàðíîé âîëíû. Ðàññìîòðèì
îäèí èç âàðèàíòîâ òàêîé íåîäíîðîäíîñòè � ñëàáóþ íåîäíîðîäíîñòü ñòåïåííîãî òèïà.

Îáùàÿ ñèñòåìà óðàâíåíèé, çàäàþùàÿ ñâîéñòâà è äèíàìèêó íåëèíåéíî óïðóãîé èçî-
òðîïíîé ñæèìàåìîé ñðåäû â äåêàðòîâîé ïðîñòðàíñòâåííîé ñèñòåìû êîîðäèíàò Ýéëåðà
x1, x2, x3, èìåååò âèä

vi = u̇i + ui,jvj, ρ = ρ0det(δij − ui,j), αij =
1

2
(ui,j + uj,i − uk,iuk,j),

σij =
ρ

ρ0

∂W

∂αik
(δkj − 2αkj), σij,j = ρ(v̇i + vi,jvj), (1)

W (I1, I2, I3) =
λ

2
I2

1 + µI2 + lI1I2 +mI3
1 + nI3 + ...,

I1 = αii, I2 = αijαji, I3 = αijαjkαki, u̇i =
∂ui
∂t
, ui,j =

∂ui
∂xj

.

Çäåñü ρ0 è ρ � ïëîòíîñòü ñðåäû â ñâîáîäíîì è òåêóùåì ñîñòîÿíèÿõ, ui è vi � êîìïî-
íåíòû âåêòîðîâ ïåðåìåùåíèÿ è ñêîðîñòè ñðåäû, αij � êîìïîíåíòû òåíçîðà äåôîðìàöèé
Àëüìàíñè, σij � êîìïîíåíòû òåíçîðà íàïðÿæåíèé Ýéëåðà-Êîøè, W � ôóíêöèÿ óïðóãî-
ãî ïîòåíöèàëà, çàäàííàÿ ðÿäîì Òåéëîðà â îêðåñòíîñòè ñâîáîäíîãî ñîñòîÿíèÿ äëÿ ñëó÷àÿ
àäèàáàòè÷åñêîãî ïðèáëèæåíèÿ, λ, µ, l, m, n � óïðóãèå ìîäóëè ñðåäû, ïðè÷åì ïåðâûå äâà �
ïàðàìåòðû Ëàìå. Â óðàâíåíèÿõ (1) ïðèíÿòî ñóììèðîâàíèå ïî ïîâòîðÿþùèìñÿ èíäåêñàì.

Îòíîñèòåëüíî êîíñòàíò óïðóãîé ñðåäû ñäåëàåì äîïîëíèòåëüíîå ïðåäïîëîæåíèå, ñ÷è-
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òàÿ, ÷òî îíè èìåþò ñëàáóþ çàâèñèìîñòü îò êîîðäèíàòû x1, òî åñòü

λ = λ0 + ε2λ̃1s, µ = µ0 + ε2µ̃1s, ρ0 = ρ̃0 + ε2ρ̃1s, l = l0 + ε2l̃1s, (2)

m = m0 + ε2m̃1s, n = n0 + ε2ñ1s, s =
x1

C1T
, C1 =

√
λ0 + 2µ0

ρ̃0

,

ãäå λ0, λ̃1, µ0, µ̃1, ρ̃0, ρ̃1, l0, l̃1, m0, m̃1, n0, ñ1 � êîíñòàíòû, C1 � ñêîðîñòü ïðîäîëüíûõ
óïðóãèõ âîëí â ëèíåéíîì ïðèáëèæåíèè ñ èñêëþ÷åííîé íåîäíîðîäíîñòüþ ñðåäû, T è C1T
� õàðàêòåðíîå âðåìÿ è õàðàêòåðíîå ðàññòîÿíèå, ε� 1 � ìàëûé ïàðàìåòð çàäà÷è.

Ðàññìîòðèì íåëèíåéíî óïðóãîå ïðåäâàðèòåëüíî íåäåôîðìèðîâàííîå ïîëóïðîñòðàí-
ñòâî x1 ≥ 0. Íà÷èíàÿ ñ ìîìåíòà t = 0 íà åãî ãðàíèöå ïîä äåéñòâèåì ïðèëîæåííîé íàãðóçêè
èçâåñòíû ïåðåìåùåíèÿ

u1

∣∣∣
x1=f0(t), t≥0

= f0(t), u2

∣∣∣
x1=f0(t), t≥0

= u3

∣∣∣
x1=f0(t), t≥0

= 0, f ′0(0) > 0. (3)

Òàêèå ïåðåìåùåíèÿ ãðàíèöû ïðèâîäÿò ê ìãíîâåííîìó îáðàçîâàíèþ óäàðíîé âîëíû. Ïå-
ðåìåùåíèÿ òî÷åê ñðåäû ñâîäÿòñÿ ê u1 = u1(x1, t), u2 = u3 = 0. Ïðè ýòîì óäàðíàÿ âîëíà
ñòàíîâèòñÿ ÷èñòî ïðîäîëüíîé [2], äëÿ åå ñêîðîñòè ïîëó÷èì ôîðìóëó

G2
1 =

λ+ 2µ

ρ0

{
1 +

(
1− α

λ+ 2µ

)
τ1 + . . .

}
, (4)

τ1 = [u1,1] = −u−1,1, α = −7

2
(λ+ 2µ) + 3(l +m+ n),

â êîòîðîé ìíîãîòî÷èåì îáîçíà÷åíû íåâûïèñàííûå ñëàãàåìûå ñ áîëåå âûñîêîé ìàëîñòüþ ïî
ñòåïåíÿì èíòåíñèâíîñòè τ1. Íà ïåðåäíåì ôðîíòå óäàðíîé âîëíû äîëæíû áûòü âûïîëíåíû
êðàåâûå óñëîâèÿ

u1

∣∣∣
x1=

t∫
0

G1(ξ)dξ
= 0, τ1 = u−1,1

∣∣∣
x1=

t∫
0

G1(ξ)dξ
. (5)

Ñëåäñòâèåì îáùåé ñèñòåìû óðàâíåíèé (1), (2) áóäåò ñëåäóþùåå óðàâíåíèå äâèæåíèÿ:

(λ+ 2µ+ 2αu1,1)u1,11 + ((λ+ 2µ),1 + α,1u1,1)u1,1 + . . . = (6)

=
ρ0

(1− u1,1)2
{ü1(1− 2u1,1) + 2u̇1,1u̇1}+ . . . .

Â áåçðàçìåðíûõ ïåðåìåííûõ s =
x1

C1T
, m =

t

T
, w(s,m) = ε−1u1(x1, t)

C1T
, ïîëó÷èì âíåø-

íåå ðàçëîæåíèå ðåøåíèÿ çàäà÷è:

w(s,m) = f(ξ) + ε
{
−α0

4
(f ′(ξ))

2
s+ f ′(ξ)f1(ξ)

}
+ . . . , (7)

α0 = −9 + 6
l0 +m0 + n0

λ0 + 2µ0

, ξ = m− s ≥ 0,

ãäå f(ξ) � èçâåñòíàÿ ôóíêöèÿ êðàåâîãî óñëîâèÿ íà ãðàíèöå ïîëóïðîñòðàíèñòâà. Â ðàññìàò-
ðèâàåìîì ñëó÷àå îòìåòèì, ÷òî íåîäíîðîäíûå ñâîéñòâà ñêàçûâàþòñÿ íà âíåøíåì ðåøåíèè,
íà÷èíàÿ ñ w2(s,m). Òàê êàê ðÿä (7) ïðè ξ ∼ 1 òåðÿåò ðàâíîìåðíîñòü ïðè s ∼ ε−1, òî
ïåðåìåííûìè âíóòðåííåãî ðåøåíèÿ âûáåðåì n = εs, p = s − m, w = w(p, n). Ïðåä-
ïîëàãàÿ ïðåäñòàâëåíèå w(p, n) ðÿäîì ïî ñòåïåíÿì ε è çàïèñûâàÿ óðàâíåíèå (6) â íîâûõ
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ïåðåìåííûõ, íà íóëåâîì øàãå ìåòîäà ïîëó÷èì íåëèíåéíîå óðàâíåíèå

v0,n +
(α0

2
v0 + γn

)
v0,p = 0, v0 = w0,p, γ =

α1 − ρ1

2
, (8)

α1 =
λ̃1 + 2µ̃1

λ0 + 2µ0

,

êîòîðîå íàçîâåì ýâîëþöèîííûì óðàâíåíèåì äëÿ ðàññìàòðèâàåìîãî áàëàíñà íåëèíåéíîñòè
è íåîäíîðîäíîñòè. Îíî ïåðåõîäèò â óðàâíåíèå Êîóëà-Õîïôà ïðè α1 = ρ1 = 0. Ïåðåõîä ê
ýòîìó óðàâíåíèþ îêàçàëñÿ âîçìîæåí òîëüêî çà ñ÷åò èçìåíåíèÿ ìàñøòàáà êîîðäèíàòû s. Â
óðàâíåíèè (8) âèäíî, ÷òî òàíãåíñ óãëà íàêëîíà åãî õàðàêòåðèñòèê îïðåäåëÿåòñÿ àääèòèâíî
íåëèíåéíûìè ñëàãàåìûìè è ñëàãàåìûìè, îáóñëîâëåííûìè íåîäíîðîäíîñòüþ. Âäîëü õàðàê-
òåðèñòèê çäåñü íå ïðîèñõîäèò èñêàæåíèå èñõîäíîãî èìïóëüñà, è îáùåå ðåøåíèå çàäàåòñÿ
êàê

v0 = F0

(
p− α0

2
v0n−

γ

2
n2
)
, (9)

òî åñòü õàðàêòåðèñòèêè óðàâíåíèÿ (8) â ïëîñêîñòè p, n � ñåìåéñòâî ïàðàáîë. Äëÿ îïðå-
äåëåíèÿ ïîëîæåíèÿ ïåðåäíåãî ôðîíòà ïðîäîëüíîé óäàðíîé âîëíû èç óðàâíåíèÿ ýéêîíàëà

t =
x1∫
0

G−1
1 (y)dy â ïåðåìåííûõ p, n ïîëó÷èì òàêîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâ-

íåíèå:

dp0

dn
=
α0

4
v0(p0(n), n) + γn, p0(0) = 0, (10)

ãäå p(n) = p0(n) + εp1(n) + . . . � àñèìïòîòè÷åñêèé ðÿä, ñâÿçûâàþùèé êîîðäèíàòû p, n íà
óäàðíîé âîëíå. Èç óðàâíåíèÿ (10) ñëåäóåò, ÷òî â äàííîì ñëó÷àå îòêëîíåíèå óäàðíîé âîëíû
îò õàðàêòåðèñòèêè îïðåäåëÿåòñÿ òîëüêî íåëèíåéíûì ôàêòîðîì.

Â êà÷åñòâå äîñòàòî÷íî ïðîñòîãî êîíêðåòíîãî ïðèìåðà ðàññìîòðèì ãðàíè÷íûå ïåðåìå-

ùåíèÿ, äëÿ êîòîðûõ f0(t) = vt+
at2

2
. Äëÿ íèõ ãðàíè÷íîå óñëîâèå âíåøíåé êðàåâîé çàäà÷è

ïåðåõîäèò â óñëîâèå

w(s,m)
∣∣∣
s=ε

(
m+Am2

2

) = m+
Am2

2
, ε =

v

C1

, A =
aT

v
. (11)

Âíåøíåå ðåøåíèå íåòðóäíî ïîëó÷èòü íà îñíîâå ðÿäà (7). Â êà÷åñòâå âíóòðåííåãî ðåøåíèÿ
èç îáùåãî ñîîòíîøåíèÿ (9) âûáåðåì ñëåäóþùèé ÷àñòíûé âàðèàíò:

v0(p, n) =
B1 +B2p−

B2γ

2
n2

1 +
B2α0n

2

, (12)

ãäå B1, B2 � íåèçâåñòíûå êîíñòàíòû. Òîãäà äëÿ ôóíêöèè w0(p, n) ïîëó÷èì

w0(p, n) =
B2p

2

2
(

1 +B2
α0n

2

) +

(
B1 −

B2γ

2
n2

)
p

1 +B2
α0n

2

+ ϕ0(n),

ãäå ϕ0(n) � íåèçâåñòíàÿ ôóíêöèÿ. Ôóíêöèþ v0(p, n) èç (12) ïîäñòàâëÿåì â óðàâíåíèå (10) ñ
ó÷åòîì êðàåâîãî óñëîâèÿ p0(0) = 0, ÷òî ïîçâîëÿåò çàïèñàòü äëÿ ïîëîæåíèÿ óäàðíîé âîëíû:

p0(n) =
2γN2

B2
2α

2
0

− 4γN

B2
2α

2
0

+
B1

√
N

B2

+
2γ

B2
2α

2
0

− B1

B2

, N = 1 +
B2α0n

2
. (13)
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Â ôîðìóëå (13) ïåðåõîä ê ðåøåíèþ äëÿ îäíîðîäíîé ñðåäû ïðîèñõîäèò ïðè γ = 0. Íåèç-
âåñòíàÿ ôóíêöèÿ ϕ0(n) äîëæíà áûòü îïðåäåëåíà óñëîâèåì (5) â ïåðåìåííûõ p, n, w(p, n),

òî åñòü w0(p, n)
∣∣∣
p=p0(n)

= 0, ïîýòîìó îêîí÷àòåëüíî ïîëó÷èì

w0(p, n) =
B2(p2 − p2

0(n))

2
(

1 +B2
α0n

2

) +

(
B1 −

B2γ

2
n2

)
(p− p0(n))

1 +B2
α0n

2

,

ãäå p0(n) çàäàåòñÿ óðàâíåíèåì (13). Ñîïîñòàâëåíèå âíåøíåãî è âíóòðåííåãî ðåøåíèé îïðå-
äåëÿåò íåèçâåñòíûå êîíñòàíòû: B1 = −1, B2 = A.

Ïðèâåäåííûå â ñîîáùåíèè ðåçóëüòàòû ìîãóò áûòü ïåðåíåñåíû íà äðóãèå çàäà÷è (íà-
ïðèìåð, íà çàäà÷è äëÿ ÷èñòî ïîïåðå÷íûõ ïðîöåññîâ â íåñæèìàåìûõ ñðåäàõ, èëè íà ñëó÷àé
äðóãîé ôóíêöèîíàëüíîé çàâèñèìîñòè íåîäíîðîäíûõ ñâîéñòâ îò êîîðäèíàò ïðîñòðàíñòâà).

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 11-01-00360-
à) è ÄÂÎ ÐÀÍ (ïðîåêò 13-III-Â-03-011).
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The evolution equation for the shock deformation problems of
nonlinear elastic inhomogeneous mediums

Ragozina V.E., Ivanova Yu.E.

Institute of Automation and Control Processes FEB RAS, Russia

Dynamic deformation of nonlinear elastic bodies, which is caused by the action of short-
term intensive loads, leads to a complex mechanical-physical process of shock waves formation
and motion. Inhomogeneity of the medium should be considered as an additional important
factor in solving dynamic problems for the great length domains (particularly in seismology).
In this paper we present results of the problem solution of the longitudinal shock wave in the
Murnaghan medium by a small parameter method. The elastic moduli of the medium and
its density have weak power type inhomogeneity in the wave direction. The joint integration
of the weak nonlinearity and weak inhomogeneity factors leads to a nonlinear distortion of
characteristics and the shock wave formation. The hypothesis of the single-wave approximation
allows to provide an approximate solution based on the analysis of the quasi-waves evolution
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equation in the frontal area of the anterior border of the deformation wave. This equation
fundamentally depends on the balance between the nonlinear and inhomogeneous properties of
the medium. The general solution of the evolution equation is presented. Examples of particular
solutions of various boundary value problems on the basis of this decision are given.
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